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4.1 

(a) 

𝑥̈(𝑡) = 𝑎 

∫ 𝑑𝜐 =

𝑣𝑥

𝑣𝑥0

𝑣𝑥(𝑡) − 𝑣𝑥0
= 𝑎 ∫ 𝑑𝜏 = 𝑎𝑡

𝑡

0

 

𝑣𝑥(𝑡) = 𝑣𝑥0
+ 𝑎𝑡 

∫ 𝑑𝜉

𝑥

𝑥0

= 𝑥 − 𝑥0 = 𝑣𝑥0
∫ 𝑑𝜏 +

𝑡

0

𝑎𝑥 ∫ 𝑑𝜏 =

𝑡

0

𝑣𝑥0
𝑡 +

1

2
𝑎𝑡2 

𝑥(𝑡) = 𝑥0 + 𝑣𝑥0
𝑡 +

1

2
𝑎𝑡2 

 

(b) 

𝑡 =
𝑣𝑥 − 𝑣𝑥0

𝑎
 

𝑥(𝑡) = 𝑥0 + 𝑣𝑥0
(

𝑣𝑥 − 𝑣𝑥0

𝑎
) +

1

2
𝑎 (

𝑣𝑥 − 𝑣𝑥0

𝑎
)

2

= 𝑥0 +
𝑣𝑥𝑣𝑥0

− 𝑣𝑥0
2

𝑎
+

1

2
𝑎 (

𝑣𝑥
2 − 2𝑣𝑥𝑣𝑥0

+ 𝑣𝑥0
2

𝑎2 ) 

𝑎(𝑥 − 𝑥0) =
1

2
𝑣𝑥

2 −
1

2
𝑣𝑥0

2 

2𝑎(𝑥 − 𝑥0) = 𝑣𝑥
2 − 𝑣𝑥0

2 

𝑣𝑥
2 = 𝑣𝑥0

2 + 2𝑎(𝑥 − 𝑥0) 
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4.2 

(a) 

𝑥̈(𝑡) = 𝑎𝑥 

𝑦̈(𝑡) = 𝑎𝑦 

𝑧̈(𝑡) = 𝑎𝑧 

∫ 𝑑𝜐 =

𝑣𝑥

𝑣𝑥0

𝑣𝑥(𝑡) − 𝑣𝑥0
= 𝑎𝑥 ∫ 𝑑𝜏 = 𝑎𝑥𝑡

𝑡

0

 

∫ 𝑑𝜐 =

𝑣𝑦

𝑣𝑦0

𝑣𝑥(𝑡) − 𝑣𝑦0
= 𝑎𝑦 ∫ 𝑑𝜏 = 𝑎𝑦𝑡

𝑡

0

 

∫ 𝑑𝜐 =

𝑣𝑧

𝑣𝑧0

𝑣𝑧(𝑡) − 𝑣𝑧0
= 𝑎𝑧 ∫ 𝑑𝜏 = 𝑎𝑧𝑡

𝑡

0

 

𝑣𝑥(𝑡) = 𝑣𝑥0
+ 𝑎𝑥𝑡 

𝑣𝑦(𝑡) = 𝑣𝑦0
+ 𝑎𝑦𝑡 

𝑣𝑧(𝑡) = 𝑣𝑧0
+ 𝑎𝑧𝑡 

∫ 𝑑𝜉

𝑥

𝑥0

= 𝑥 − 𝑥0 = 𝑣𝑥0
∫ 𝑑𝜏 +

𝑡

0

𝑎𝑥 ∫ 𝑑𝜏 =

𝑡

0

𝑣𝑥0
𝑡 +

1

2
𝑎𝑥𝑡2 

∫ 𝑑𝜂

𝑦

𝑦0

= 𝑦 − 𝑦0 = 𝑣𝑦0
∫ 𝑑𝜏 +

𝑡

0

𝑎𝑦 ∫ 𝑑𝜏 =

𝑡

0

𝑣𝑦0
𝑡 +

1

2
𝑎𝑦𝑡2 

∫ 𝑑𝜁

𝑧

𝑧0

= 𝑧 − 𝑧0 = 𝑣𝑧0
∫ 𝑑𝜏 +

𝑡

0

𝑎𝑧 ∫ 𝑑𝜏 =

𝑡

0

𝑣𝑧0
𝑡 +

1

2
𝑎𝑧𝑡2 

𝑥(𝑡) = 𝑥0 + 𝑣𝑥0
𝑡 +

1

2
𝑎𝑥𝑡2 

𝑦(𝑡) = 𝑦0 + 𝑣𝑦0
𝑡 +

1

2
𝑎𝑦𝑡2 

𝑧(𝑡) = 𝑧0 + 𝑣𝑧0
𝑡 +

1

2
𝑎𝑧𝑡2 

(b) 

𝑥(𝑡) = 𝑥0 + 𝑣𝑥0
(

𝑣𝑥 − 𝑣𝑥0

𝑎𝑥
) +

1

2
𝑎𝑥 (

𝑣𝑥 − 𝑣𝑥0

𝑎𝑥
)

2

= 𝑥0 +
𝑣𝑥𝑣𝑥0

− 𝑣𝑥0
2

𝑎𝑥
+

1

2
𝑎𝑥 (

𝑣𝑥
2 − 2𝑣𝑥𝑣𝑥0

+ 𝑣𝑥0
2

𝑎𝑥
2 ) 



3 
 

𝑎𝑥(𝑥 − 𝑥0) =
1

2
𝑣𝑥

2 −
1

2
𝑣𝑥0

2 

2𝑎𝑥(𝑥 − 𝑥0) = 𝑣𝑥
2 − 𝑣𝑥0

2 

𝑣𝑥
2 = 𝑣𝑥0

2 + 2𝑎𝑥(𝑥 − 𝑥0) 

𝑦(𝑡) = 𝑦0 + 𝑣𝑦0
(

𝑣𝑦 − 𝑣𝑦0

𝑎𝑦
) +

1

2
𝑎𝑦 (

𝑣𝑦 − 𝑣𝑦0

𝑎𝑦
)

2

= 𝑦0 +
𝑣𝑦𝑣𝑦0

− 𝑣𝑦0
2

𝑎𝑦
+

1

2
𝑎𝑦 (

𝑣𝑦
2 − 2𝑣𝑦𝑣𝑦0

+ 𝑣𝑦0
2

𝑎𝑦
2 ) 

𝑎𝑦(𝑦 − 𝑦0) =
1

2
𝑣𝑦

2 −
1

2
𝑣𝑦0

2 

2𝑎𝑦(𝑦 − 𝑦0) = 𝑣𝑦
2 − 𝑣𝑦0

2 

𝑣𝑦
2 = 𝑣𝑦0

2 + 2𝑎𝑦(𝑦 − 𝑦0) 

𝑧(𝑡) = 𝑧0 + 𝑣𝑧0
(

𝑣𝑧 − 𝑣𝑧0

𝑎𝑧
) +

1

2
𝑎𝑧 (

𝑣𝑧 − 𝑣𝑧0

𝑎𝑧
)

2

= 𝑧0 +
𝑣𝑧𝑣𝑧0

− 𝑣𝑧0
2

𝑎𝑧
+

1

2
𝑎𝑧 (

𝑣𝑧
2 − 2𝑣𝑧𝑣𝑧0

+ 𝑣𝑧0
2

𝑎𝑧
2 ) 

𝑎𝑧(𝑧 − 𝑧0) =
1

2
𝑣𝑧

2 −
1

2
𝑣𝑧0

2 

2𝑎𝑧(𝑧 − 𝑧0) = 𝑣𝑧
2 − 𝑣𝑧0

2 

𝑣𝑧
2 = 𝑣𝑧0

2 + 2𝑎𝑧(𝑧 − 𝑧0) 

4.3 

(a) 

𝜃 =
𝑠

𝑅
≈

𝑅 sin 𝜃

𝑅
= sin 𝜃 ∀𝜃 ≪ 1 

𝑒±𝑖𝜃 = cos 𝜃 ± 𝑖 sin 𝜃 

𝑒𝑖𝜃𝑒−𝑖𝜃 = 𝑒0 = 1 = (cos 𝜃 + 𝑖 sin 𝜃)(cos 𝜃 − 𝑖 sin 𝜃) = cos2 𝜃 − 𝑖2 sin2 𝜃 = cos2 𝜃 + sin2 𝜃 

𝑒𝑖(𝜃±𝜙) = cos(𝜃 ± 𝜙) + 𝑖 sin(𝜃 ± 𝜙) = 𝑒𝑖𝜃𝑒𝑖𝜙 = (cos 𝜃 + 𝑖 sin 𝜃)(cos 𝜙 ± 𝑖 sin 𝜙)

= cos 𝜃 cos 𝜙 ± 𝑖2 sin 𝜃 sin 𝜙 + 𝑖(sin 𝜃 cos 𝜙 ± cos 𝜃 sin 𝜙) 

cos(𝜃 ± 𝜙) = cos 𝜃 cos 𝜙 ∓ sin 𝜃 sin 𝜙 

sin(𝜃 ± 𝜙) = sin 𝜃 cos 𝜙 ± cos 𝜃 sin 𝜙 

sin 𝜃 ≈ 𝜃 

cos 𝜃 = 1 − sin2 𝜃 ≈ 1 − 𝜃2 ≈ 1 

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→∞

𝑦(𝑥 + ∆𝑥) − 𝑦(𝑥)

∆𝑥
 

𝑦(𝑥) = sin(𝑥) 



4 
 

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

sin(𝑥 + ∆𝑥) − sin(𝑥)

∆𝑥
= lim

∆𝑥→0

sin(𝑥) cos(∆𝑥) + cos(𝑥) sin(∆𝑥) − sin(𝑥)

∆𝑥

= lim
∆𝑥→0

sin(𝑥) cos(∆𝑥) − sin(𝑥)

∆𝑥
+ lim

∆𝑥→0

cos(𝑥) sin(𝑥)

∆𝑥

= lim
∆𝑥→0

sin(𝑥) − sin(𝑥)

∆𝑥
+ lim

∆𝑥→0

cos(𝑥)∆𝑥

∆𝑥
= 0 + cos(𝑥) = cos(𝑥) 

𝑦(𝑥) = cos(𝑥) 

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

cos(𝑥 + ∆𝑥) − cos(𝑥)

∆𝑥
= lim

∆𝑥→0

cos(𝑥) cos(∆𝑥) − sin(𝑥) sin(∆𝑥) − cos(𝑥)

∆𝑥

= lim
∆𝑥→0

cos(𝑥) − sin(𝑥)∆𝑥 − cos(𝑥)

∆𝑥
= lim

∆𝑥→0

cos(𝑥) − cos(𝑥)

∆𝑥
+ lim

∆𝑥→0

− sin(𝑥)∆𝑥

∆𝑥
= − sin(𝑥) 

 

4.4 

(a) 

𝜃 = 𝜔𝑡 =
𝑉𝑡

𝑅
 

𝑥 = 𝑅 cos 𝜃 = 𝑅 cos 𝜔𝑡 

𝑦 = 𝑅 sin 𝜃 = 𝑅 sin 𝜔𝑡 

𝑣𝑥 =
𝑑𝑥

𝑑𝑡
= −𝑅𝜔 sin 𝜔𝑡 = −𝑉 sin 𝜔𝑡 

𝑣𝑦 =
𝑑𝑦

𝑑𝑡
= 𝑅𝜔 cos 𝜔𝑡 = 𝑉 cos 𝜔𝑡 

𝑎𝑥 = 𝑥̈ =
𝑑𝑣𝑥

𝑑𝑡
= −𝑅𝜔2 cos 𝜔𝑡 = −

𝑉2

𝑅
cos 𝜔𝑡 

𝑎𝑦 = 𝑦̈ =
𝑑𝑣𝑦

𝑑𝑡
= −𝑅𝜔2 sin 𝜔𝑡 = −

𝑉2

𝑅
cos 𝜔𝑡 

𝑎2 = √𝑎𝑥
2 + 𝑎𝑦

2 = √(
𝑉2

𝑅
)

2

=
𝑉2

𝑅
 

Since 

cos2 𝜃 + sin2 𝜃 = 1 

(b) 

𝑎𝑥 + 𝜔2𝑥 = 𝑥̈ + 𝜔2𝑥 = −𝑅𝜔2 cos 𝜔𝑡 + 𝑅𝜔2 cos 𝜔𝑡 = 0 

𝑎𝑦 + 𝜔2𝑦 = 𝑦̈ + 𝜔2𝑦 = −𝑅𝜔2 sin 𝜔𝑡 + 𝑅𝜔2 sin 𝜔𝑡 = 0 

4.5 
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𝑣𝑦0
= 1000 𝑓𝑡 𝑚𝑖𝑛−1 

𝑎𝑦 = 𝑦̈ =
𝑑𝑣𝑦

𝑑𝑡
= −𝑔 = −32.174 𝑓𝑡 𝑠𝑒𝑐−2 = −32.174 ∙ 3600 𝑓𝑡 𝑚𝑖𝑛−2 

𝑎𝑦 = −115830 𝑓𝑡 𝑚𝑖𝑛−2 

𝑣𝑦 = −𝑔𝑡 + 𝑣𝑦0
 

𝑦 = −
1

2
𝑔𝑡2 − 𝑣𝑦0

𝑡 + 𝑦0 

𝑦0 = 30000𝑓𝑡 

𝑦 = 0 

𝑡 =

−𝑣𝑦0
± √𝑣𝑦0

2 + 2𝑔𝑦0

−𝑔
=

−1000 ± √106 + 2 ∙ 1115830 ∙ 30000

−115830
=

−1000 ± 1711.85

−115830
 

𝑡 ≈  0.720 min =  43.2 𝑠𝑒𝑐 

The time the balloon is in the air: 

𝑇 = 1800 sec + 43.2 sec = 1843.2 𝑠𝑒𝑐 

𝑣𝑦 = −32.174 ∙ 43.2 𝑓𝑡 𝑠𝑒𝑐−1 + 0 𝑓𝑡 𝑠𝑒𝑐−1 = −1390 𝑓𝑡 𝑠𝑒𝑐−1 

4.6 

𝑥 = 𝑥0 + 𝑣𝑥0
𝑡𝑥 +

1

2
𝑎𝑥𝑡𝑥

2 =
1

2
𝑎𝑥𝑡𝑥

2 

𝑦 = 𝑦0 + 𝑣𝑦0
𝑡𝑦 +

1

2
𝑎𝑦𝑡𝑦

2 

𝑦0 = 𝑥 =
1

2
𝑎𝑥𝑡𝑥

2 

𝑣𝑦0
= 𝑎𝑥𝑡𝑥 

𝑎𝑥 = 20 𝑐𝑚 𝑠𝑒𝑐−2 = 0.20 𝑚 𝑠𝑒𝑐−2 

𝑎𝑦 = −100 𝑐𝑚 𝑠𝑒𝑐−2 = −1.0 𝑚 𝑠𝑒𝑐−2 

𝑥 + 𝑦 = 2 𝑘𝑚 = 2000 𝑚 
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4.7 

 

The velocity of 25 meters per second is approximately 56 miles per hour. We use a velocity squared 

retardation function: 
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The analytic solution is not valid for theta0 = 90 degrees. The numeric shows a time to apogee of 2.28 

seconds and time of flight 4.66 seconds. The difference is 4.66 – 2.28 seconds = 2.38 seconds so the time 

to return from apogee is greater than the time to reach apogee. 


