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Exercises for the Feynman Lectures on 
Physics by Richard Feynman, Et Al. Chapter 
18 Algebra – Detailed Work by James Pate 

Williams, Jr. BA, BS, MSwE, PhD 
18.1 

(a) 

𝑏 = 𝑎 tan𝛼 

𝑑 = 𝑐 tan𝛽 

𝑢 + 𝑖𝑣 = (𝑎 + 𝑖𝑏)(𝑐 + 𝑖𝑑) = 𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑎𝑑 + 𝑏𝑐) 

(𝑢 + 𝑖𝑣)(𝑢 − 𝑖𝑣) = 𝑢2 + 𝑣2 = [(𝑎𝑐 − 𝑏𝑑) + 𝑖(𝑎𝑑 + 𝑏𝑐)][(𝑎𝑐 − 𝑏𝑑) − 𝑖(𝑎𝑑 + 𝑏𝑐)]

= 𝑎2𝑐2 − 2𝑎𝑏𝑐𝑑 + 𝑏2𝑑2 + 𝑎2𝑑2 + 2𝑎𝑏𝑐𝑑 + 𝑏2𝑐2 = (𝑎2 + 𝑏2)𝑐2 + (𝑎2 + 𝑏2)𝑑2

= (𝑎2 + 𝑏2)(𝑐2 + 𝑑2) 

√𝑢2 + 𝑣2 = √𝑎2 + 𝑏2√𝑐2 + 𝑑2 

(b) 

𝑣

𝑢
=
𝑎𝑑 + 𝑏𝑐

𝑎𝑐 − 𝑏𝑑
=
𝑎𝑐 tan𝛽 + 𝑎𝑐 tan𝛼

𝑎𝑐 − 𝑎𝑐 tan𝛼 tan𝛽
=
𝑎𝑐

𝑎𝑐
∙
tan𝛼 + tan𝛽

1 − tan𝛼 tan𝛽
=

tan𝛼 + tan𝛽

1 − tan𝛼 tan𝛽
 

18.2 
(a) 

𝑏 = 𝑎 tan𝛼 

𝑑 = 𝑐 tan𝛽 

𝑏 cos𝛼 = 𝑎 sin 𝛼 

𝑑 cos𝛽 = 𝑐 sin𝛽 

𝑢 + 𝑖𝑣 = (𝑎 + 𝑖𝑏)(𝑐 + 𝑖𝑑) = (𝑎 + 𝑖𝑎 tan𝛼)(𝑐 + 𝑖𝑐 tan𝛽) = 𝑎𝑐(1 + 𝑖 tan 𝛼)(1 + 𝑖 tan𝛽) 
 

𝑢 − 𝑖𝑣 = (𝑎 − 𝑖𝑏)(𝑐 − 𝑖𝑑) = (𝑎 − 𝑖𝑎 tan𝛼)(𝑐 − 𝑖𝑐 tan𝛽) = 𝑎𝑐(1 − 𝑖 tan 𝛼)(1 − 𝑖 tan𝛽) 

(𝑢 + 𝑖𝑣)(𝑢 − 𝑖𝑣) = 𝑢2 + 𝑣2 = 𝑎2𝑐2[(1 + tan2 𝛼)(1 + tan2 𝛽)] = 𝑎2𝑐2 (1 +
𝑏2

𝑎2
)(1 +

𝑑2

𝑐2
)

= (𝑎2 + 𝑏2)(𝑐2 + 𝑑2) 

(b) 
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𝑒𝑖(𝛼+𝛽) = cos(𝛼 + 𝛽) + 𝑖 sin(𝛼 + 𝛽) = 𝑒𝑖𝛼𝑒𝑖𝛽 = (cos𝛼 + 𝑖 sin𝛼)(cos𝛽 + 𝑖 sin𝛽)

= cos𝛼 cos𝛽 − sin𝛼 sin𝛽 + 𝑖(sin𝛼 cos𝛽 + cos𝛼 sin𝛽) 

cos(𝛼 + 𝛽) = cos𝛼 cos𝛽 − sin𝛼 sin𝛽 

sin(𝛼 + 𝛽) =sin𝛼 cos𝛽 + cos𝛼 sin𝛽 

tan(𝛼 + 𝛽) =
sin(𝛼 + 𝛽)

cos(𝛼 + 𝛽)
=
sin𝛼 cos𝛽 + cos𝛼 sin𝛽

cos𝛼 cos𝛽 − sin𝛼 sin𝛽
=

1

cos𝛼 cos𝛽
∙
sin 𝛼 cos𝛽 + cos𝛼 sin𝛽

(1 −
sin𝛼 sin𝛽
cos 𝛼 cos𝛽

)

=
tan𝛼 + tan𝛽

1 − tan𝛼 tan𝛽
=
𝑣

𝑢
 

18.3 

𝑒+𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃 

𝑒−𝑖𝜃 = cos 𝜃 − 𝑖 sin 𝜃 

2 cos𝜃 = 𝑒𝑖𝜃 + 𝑒−𝑖𝜃 

cos 𝜃 =
1

2
(𝑒𝑖𝜃 + 𝑒−𝑖𝜃) 

2𝑖 sin𝜃 = 𝑒𝑖𝜃 − 𝑒−𝑖𝜃 

sin 𝜃 =
1

2𝑖
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃) = −

𝑖

2
(𝑒𝑖𝜃 − 𝑒−𝑖𝜃) 

18.4 

𝑎 + 𝑖𝑏

𝑐 + 𝑖𝑑
∙
𝑐 − 𝑖𝑑

𝑐 − 𝑖𝑑
=
𝑎𝑐 + 𝑏𝑑 + 𝑖(𝑏𝑐 − 𝑎𝑑)

𝑐2 + 𝑑2
 

18.5 

cos 𝑖𝜃 =
1

2
(𝑒−𝜃 + 𝑒𝜃) = cosh𝜃 

sin 𝑖𝜃 =
1

2𝑖
(𝑒−𝜃 − 𝑒𝜃) = −

𝑖

2
(𝑒−𝜃 − 𝑒𝜃) =

𝑖

2
(𝑒𝜃 − 𝑒−𝜃) = 𝑖 sinh𝜃 

cos2 𝑖𝜃 + sin2 𝑖𝜃 = 1 = cosh2 𝜃 + 𝑖2 sinh2 𝜃 =cosh2 𝜃 − sinh2 𝜃 

18.6 

𝑑𝑓

𝑑𝑥
= lim

∆𝑥→∞

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
 

𝑑𝑒𝛼𝑥

𝑑𝑥
= lim

∆𝑥→∞

𝑒𝛼(𝑥+∆𝑥) − 𝑒𝛼𝑥

∆𝑥
 

cosh𝛼𝜃 + sinh𝛼𝜃 = 𝑒𝛼𝑥 

cosh[𝛼(𝑥 + ∆𝑥)] + sinh[𝛼(𝑥 + ∆𝑥)] = 𝑒𝛼(𝑥+∆𝑥) = 𝑒𝛼𝑥𝑒𝛼∆𝑥

= (cosh𝛼𝑥 + sinh𝛼𝑥)(cosh𝛼∆𝑥 + sinh𝛼∆x) 



3 
 

𝑒𝛼𝑥𝑒𝛼∆𝑥 − 𝑒𝛼𝑥 = (cosh𝛼𝑥 + sinh𝛼𝑥)(cosh𝛼∆𝑥 + sinh𝛼∆x − 1) 

lim
∆𝑥→∞

(cosh𝛼𝑥 + sinh𝛼𝑥)(cosh𝛼∆𝑥 + sinh𝛼∆x − 1)

∆𝑥
= 𝑒𝛼𝑥 lim

∆𝑥→∞

(cosh𝛼∆𝑥 + sinh𝛼∆x − 1)

∆𝑥

= 𝑒𝛼𝑥 lim
∆𝑥→∞

(1 + sinh𝛼∆x − 1)

∆𝑥
= 𝑒𝛼𝑥 lim

∆𝑥→∞

sinh𝛼∆x

∆𝑥
=𝑒𝛼𝑥 lim

∆𝑥→∞

𝛼∆x

∆𝑥
=𝛼𝑒𝛼𝑥 

18.7 

𝑓(𝑥) = ∑
𝑓(𝑛)(0)

𝑛!

∞

𝑛=0

𝑥𝑛 

(a) 

𝑓(𝑥) = 𝑒𝑥 , 𝑓(0) = 1 

𝑓′(𝑥) = 𝑒𝑥 , 𝑓′(0) = 1 

𝑓′′(𝑥) = 𝑒𝑥 , 𝑓′′(0) = 1 

𝑓(𝑥) = 𝑒𝑥 = ∑
1

𝑛!

∞

𝑛=0

𝑥𝑛 = 1 + 𝑥 +
𝑥2

2!
+
𝑥3

3!
+ ⋯ 

(b) 

𝑓(𝑥) = cos𝑥 , 𝑓(0) = 1 

𝑓′(𝑥) = −sin𝑥 , 𝑓′(0) = 0 

𝑓′′(𝑥) = −cos 𝑥 , 𝑓′′(0) = −1 

𝑓′′′(𝑥) = sin𝑥 , 𝑓′′′(0) = 0 

𝑓′𝑣(𝑥) = cos 𝑥 , 𝑓𝑖𝑣(0) = 1 

𝑓(𝑥) = cos𝑥 = ∑
(−1)𝑛

(2𝑛)!

∞

𝑛=0

𝑥2𝑛 = 1 −
𝑥2

2!
+
𝑥2

4!
−
𝑥3

6!
+ ⋯ 

𝑓(𝑥) = sin𝑥 , 𝑓(0) = 0 

𝑓′(𝑥) = cos𝑥 , 𝑓′(0) = 1 

𝑓′′(𝑥) = −sin𝑥 , 𝑓′′(0) = 0 

𝑓′′′(𝑥) = −cos𝑥 , 𝑓′′′(0) = −1 

𝑓′𝑣(𝑥) = sin𝑥 , 𝑓𝑖𝑣(0) = 0 

𝑓(𝑥) = sin𝑥 = ∑
(−1)𝑛

(2𝑛 + 1)!

∞

𝑛=0

𝑥2𝑛+1 = 𝑥 −
𝑥3

3!
+
𝑥5

5!
−
𝑥7

7!
+ ⋯ 
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18.8 

𝑦 = √1
𝑛

 

𝑦 = 𝑥1 𝑛⁄  

ln 𝑦 =
1

𝑛
ln 𝑥 

𝑦 = 𝑒ln𝑦 = 𝑒ln𝑥 𝑛⁄  

𝑓(𝑧) = 𝑒2𝜋𝑘𝑧𝑖/𝑛 = cos (
2𝜋𝑘𝑧

𝑛
) + 𝑖 sin (

2𝜋𝑘𝑧

𝑛
) 

𝑓(1) = 𝑒2𝜋𝑘𝑖/𝑛 = cos (
2𝜋𝑘

𝑛
) + 𝑖 sin (

2𝜋𝑘

𝑛
) 

18.9 

𝑒𝑖𝑛𝜃 = (𝑒𝑖𝜃)
𝑛
= cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 = (cos 𝜃 + 𝑖 sin 𝜃)𝑛 = ∑(

𝑛
𝑘
)

𝑛

𝑘=0

𝑖𝑛−𝑘 cos𝑛 𝜃 sin𝑛−𝑘 𝜃 

cos𝑛𝜃 = cos𝑛 𝜃 + (
𝑛
2
) cos𝑛−2 𝜃 sin2 𝜃 +⋯ 

18.10 

(a) 

𝑒𝑖(𝜃+𝜙) = cos(𝜃 + 𝜙) + 𝑖 sin(𝜃 + 𝜙) = 𝑒𝑖𝜃𝑒𝑖𝜙 = (cos 𝜃 + 𝑖 sin𝜙)(cos𝜙 + 𝑖 sin𝜙)

= cos𝜃 cos𝜙 − sin 𝜃 sin𝜙 + 𝑖(sin 𝜃 cos𝜙 + cos𝜃 sin𝜙) 

cos(𝜃 + 𝜙) = cos 𝜃 cos𝜙 − sin𝜃 sin𝜙 

sin(𝜃 + 𝜙) = sin𝜃 cos𝜙 + cos 𝜃 sin𝜙 

(b) 

𝑢 = 𝐴𝑒𝑖𝜃 

𝑣 = 𝐵𝑒𝑖𝜙 

𝑤 = 𝑢𝑣 = 𝐴𝐵𝑒𝑖(𝜃+𝜙) = 𝐴𝐵[cos(𝜃 + 𝜙) + 𝑖 sin(𝜃 + 𝜙)] 

18.11 

log𝑎 𝑥 = log𝑎 𝑏 ∙ log𝑏 𝑥 

𝑦 = 𝑥1 𝑛⁄  

log𝑎 𝑦 = log𝑎 𝑏 ∙ log𝑏 𝑥 𝑛⁄  

log𝑎 𝑦 = log𝑎(𝑥) 𝑛⁄  
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Root r 1/r 11^(1/r) Log(r,11) 

1 1.00000 11.0000 0.000 

2 0.50000 3.3166 0.289 

4 0.25000 1.8212 0.578 

8 0.12500 1.3495 0.867 

16 0.06250 1.1617 1.156 

32 0.03125 1.0778 1.445 

64 0.01563 1.0382 1.734 

128 0.00781 1.0189 2.023 

    

Log(7,11) 0.81151   
 

log11 2 = 0.289 

log11 7 = 0.811 

 


