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Exercises for the Feynman Lectures on 
Physics by Richard Feynman, Et Al. Chapter 

36 Fourier Analysis of Waves– Detailed 
Work by James Pate Williams, Jr. BA, BS, 

MSwE, PhD 
 

From Exercises for the Feynman Lectures on Physics by Richard Feynman, Robert Leighton, Matthew 

Sands, et al. 36 Fourier Analysis of Waves. Refer to The Feynman Lectures on Physics Vol. I, Chapter 50. 

Fourier series over a period P where x is contained in the half-open interval [x0, P). 

𝑓(𝑥) =
𝑎0
2
+∑ [𝑎𝑛 cos (

2𝜋𝑛𝑥

𝑃
) + 𝑏𝑛 sin (

2𝜋𝑛𝑥

𝑃
)]

∞

𝑛=0

 

𝑎𝑛 =
2

𝑃
∫ 𝑓(𝑥) cos (

2𝜋𝑛𝑥

𝑃
)

𝑥0+𝑃

𝑥0

𝑑𝑥 

𝑏𝑛 =
2

𝑃
∫ 𝑓(𝑥) sin (

2𝜋𝑛𝑥

𝑃
)

𝑥0+𝑃

𝑥0

𝑑𝑥 

Euler’s equation used to derive trigonometric identities. 

𝑒𝑖(𝜗±𝜑) = cos(𝜗 ± 𝜑) + 𝑖 sin(𝜗 ± 𝜑) = 𝑒𝑖𝜗𝑒±𝑖𝜑 = (cos 𝜗 + 𝑖 sin 𝜗)(cos𝜑 ± 𝑖 sin𝜑) = cos𝜗 cos𝜑

∓ sin𝜗 sin𝜑 + 𝑖(cos𝜗 sin𝜑 ± sin𝜗 cos𝜑) 

cos(𝜗 ± 𝜑) = cos𝜗 cos𝜑 ∓ sin𝜗 sin𝜑 

sin(𝜗 ± 𝜑) = cos𝜗 sin𝜑 ± sin𝜗 cos𝜑 

2cos 𝜗 cos𝜑 = cos(𝜗 − 𝜑) + cos(𝜗 + 𝜑) 

2sin𝜗 cos𝜑 =sin(𝜗 + 𝜑) − sin(𝜗 − 𝜑) 

𝑒𝑖𝑥𝑒−𝑖𝑥 = 𝑒0 = 1 = (cos 𝑥 + 𝑖 sin𝑥)(cos 𝑥 − 𝑖 sin𝑥) = (cos 𝑥)2 + (sin 𝑥)2 

𝑒2𝑖𝑥 = cos 2𝑥 + 𝑖 sin2𝑥 = 𝑒𝑖𝑥𝑒𝑖𝑥 = (cos 𝑥 + 𝑖 sin𝑥)(cos𝑥 + 𝑖 sin 𝑥)

= (cos𝑥)2 − (sin𝑥)2 + 𝑖(cos 𝑥 sin𝑥 + sin𝑥 cos 𝑥) 

cos2𝑥 = (cos 𝑥)2 − (sin 𝑥)2 = 1 − (sin𝑥)2 − (sin 𝑥)2 = 1 − 2(sin𝑥)2 
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(sin 𝑥)2 =
1

2
(1 − cos 2𝑥) 

sin2𝑥 = 2 cos 𝑥 sin 𝑥 

36.1 (a) y(x) = const. (b) y(x) = sin x 0 <= x <= 2 * pi. 

(a) 

𝑦(𝑥) = 𝐶 ∀𝑥 ∈ [0, 𝑃] 

𝑎𝑛 =
2𝐶

𝑃
∫ cos (

2𝜋𝑛𝑥

𝑃
)

𝑥0+𝑃

𝑥0

𝑑𝑥 

𝑎𝑛 =
2𝐶

𝑃
×

𝑃

2𝜋𝑛
× sin (

2𝜋𝑛𝑥

𝑃
)]
𝑥=𝑥0

𝑥=𝑥0+𝑃

=
𝐶

𝜋𝑛
sin [

2𝜋𝑛(𝑥0 + 𝑃)

𝑃
] −

𝐶

𝜋𝑛
sin (

2𝜋𝑛𝑥0
𝑃

) 

sin [
2𝜋𝑛(𝑥0 + 𝑃)

𝑃
] = cos (

2𝜋𝑛𝑥0
𝑃

) sin(2𝜋𝑛) + sin (
2𝜋𝑛𝑥0
𝑃

)cos(2𝜋𝑛) =sin (
2𝜋𝑛𝑥0
𝑃

) 

𝑎𝑛 =
𝐶

𝜋𝑛
[sin (

2𝜋𝑛𝑥0
𝑃

) − sin (
2𝜋𝑛𝑥0
𝑃

)] = 0 

𝑏𝑛 =
2𝐶

𝑃
∫ sin (

2𝜋𝑛𝑥

𝑃
)

𝑥0+𝑃

𝑥0

𝑑𝑥 

𝑏𝑛 = −
2𝐶

𝑃
×

𝑃

2𝜋𝑛
× cos (

2𝜋𝑛𝑥

𝑃
)]
𝑥=𝑥0

𝑥=𝑥0+𝑃

= −
𝐶

𝜋𝑛
{cos [

2𝜋𝑛(𝑥0 + 𝑃)

𝑃
] − cos (

2𝜋𝑛𝑥0
𝑃

)}

= −
𝐶

𝜋𝑛
[cos (

2𝜋𝑛𝑥0
𝑃

) cos(2𝜋𝑛) − sin (
2𝜋𝑛𝑥0
𝑃

) sin(2𝜋𝑛) − cos (
2𝜋𝑛𝑥0
𝑃

)]

= −
𝐶

𝜋𝑛
[cos (

2𝜋𝑛𝑥0
𝑃

) − cos (
2𝜋𝑛𝑥0
𝑃

)] = 0 

𝑎0
2
= 𝐶 ∴ 𝑎0 = 2𝐶 

(b) 

𝑦(𝑥) = sin𝑥 ∀𝑥 ∈ [0,2𝜋] ∴ 𝑥0 = 0, 𝑃 = 2𝜋 

𝑎0 =
1

𝜋
∫ sin𝑥

2𝜋

0

𝑑𝑥 = −
1

𝜋
cos𝑥]𝑥=0

𝑥=2𝜋 = −
1

𝜋
[cos(2𝜋) − cos(0)] = −

1

𝜋
(1 − 1) = 0 
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𝑎𝑛 =
1

𝜋
∫ sin 𝑥 cos𝑛𝑥

2𝜋

0

𝑑𝑥 =
1

2𝜋
[∫ sin(𝑥 + 𝑛𝑥)𝑑𝑥 − ∫ sin(𝑥 − 𝑛𝑥)𝑑𝑥

2𝜋

0

2𝜋

0

]

=
1

2𝜋
{∫ sin[(1 + 𝑛)𝑥]𝑑𝑥 − ∫ sin[(1 − 𝑛)𝑥] 𝑑𝑥

2𝜋

0

2𝜋

0

}

=
1

2𝜋
{−
cos[(1 + 2𝑛)𝑥]

1 + 2𝑛
]
𝑥=0

𝑥=2𝜋

−
cos[(1 − 2𝑛)𝑥]

1 − 2𝑛
]
𝑥=0

𝑥=2𝜋

} =

=
1

2𝜋
{−
cos[(1 + 2𝑛)𝑥]

1 + 2𝑛
]
𝑥=0

𝑥=2𝜋

+
cos[(1 − 2𝑛)𝑥]

2𝑛 − 1
]
𝑥=0

𝑥=2𝜋

} = 0 

𝑏𝑛 =
1

𝜋
∫ sin 𝑥 sin 𝑛𝑥

2𝜋

0

𝑑𝑥 = 0 ∀𝑛 > 1 

𝑏1 =
1

𝜋
∫ (sin 𝑥)2𝑑𝑥

2𝜋

0

=
1

2𝜋
∫ (1 − cos 2𝑥)𝑑𝑥

2𝜋

0

= 1 

36.2 

𝑓(𝑥) = {
+1 ∀𝑥 ∈ [0, 𝜋]
−1 ∀𝑥 ∈ (𝜋, 2𝜋)

 

𝑎𝑛 =
1

𝜋
(∫ cos𝑛𝑥 𝑑𝑥

𝜋

0

− ∫ cos𝑛𝑥 𝑑𝑥

2𝜋

𝜋

) =
1

𝜋𝑛
(sin𝑛𝑥]𝑥=0

𝑥=𝜋 − sin𝑛𝑥]𝑥=𝜋
𝑥=2𝜋) = 0 

𝑏𝑛 =
1

𝜋
(∫ sin 𝑛𝑥 𝑑𝑥

𝜋

0

− ∫ sin𝑛𝑥 𝑑𝑥

2𝜋

𝜋

) = −
1

𝜋𝑛
(cos𝑛𝑥]𝑥=0

𝑥=𝜋 − cos𝑛𝑥]𝑥=𝜋
𝑥=2𝜋)

= −
1

𝜋𝑛
[cos 𝑛𝜋 + cos 𝑛𝜋 − 2] 

𝑏2𝑛+1 = −
4(−1)2𝑛+1

𝜋(2𝑛 + 1)
=
4(−1)2𝑛+2

𝜋(2𝑛 + 1)
=

4

𝜋(2𝑛 + 1)
 

𝑓(𝑥) =
4

𝜋
∑

sin[(2𝑛 + 1)𝑥]

(2𝑛 + 1)

∞

𝑛=0

 

(a) 

𝑓 (
𝜋

2
) =

4

𝜋
∑

sin[(2𝑛 + 1)𝜋 2⁄ ]

(2𝑛 + 1)

∞

𝑛=0

 

sin[(2𝑛 + 1)𝜋 2⁄ ] = sin(𝑛𝜋 + 𝜋 2⁄ ) = cos𝑛𝜋 sin(𝜋 2⁄ ) + sin𝑛𝜋 cos(𝜋 2⁄ ) = (−1)𝑛 



4 
 

1 =
4

𝜋
∑

(−1)𝑛

(2𝑛 + 1)

∞

𝑛=0

 

∑
(−1)𝑛

(2𝑛 + 1)

∞

𝑛=0

=
𝜋

4
 

(b) 

∑
(−1)𝑛

(2𝑛 + 1)

∞

𝑛=0

∑
(−1)𝑚

(2𝑚 + 1)
=

∞

𝑚=0

(
𝜋

4
)
2

=
𝜋2

16
 

∑ ∑
(−1)𝑛+𝑚

(2𝑛 + 1)(2𝑚 + 1)

∞

𝑚=0

∞

𝑛=0

=
1

2
∑

1

(2𝑛 + 1)2
=
𝜋2

16

∞

𝑛=0

 

∑
1

(2𝑛 + 1)2
=
𝜋2

8

∞

𝑛=0

 

(c) 

∑4−𝑛
∞

𝑛=0

=
1

1 −
1
4

=
4

3
 

∑
1

(2𝑛 + 1)2
∑ 4−𝑚
∞

𝑚=0

= ∑ ∑
1

(2𝑛 + 1)24𝑚

∞

𝑚=0

∞

𝑛=0

=
4

3
×
𝜋2

8
=

∞

𝑛=0

𝜋2

6
 

 

36.3 

𝑔(𝑥) = {

𝑥

𝜋
 ∀𝑥 ∈ [0, 𝜋)

1 +
𝜋 − 𝑥

𝜋
 ∀𝑥 ∈ [𝜋, 2𝜋)

 

𝑎0 =
1

𝜋
∫ 𝑔(𝑥)

2𝜋

0

𝑑𝑥 =
1

𝜋2
∫𝑥

𝜋

0

𝑑𝑥 +
1

𝜋
∫ 𝑑𝑥

2𝜋

𝜋

+
1

𝜋
∫ 𝑑𝑥

2𝜋

𝜋

−
1

𝜋2
∫ 𝑥

2𝜋

𝜋

𝑑𝑥

=
𝜋2

2𝜋2
+
2

𝜋
(2𝜋 − 𝜋) −

1

2𝜋2
[(2𝜋)2 − 𝜋2] =

1

2
+ 2 −

3

2
= 1 

𝑎𝑛 =
1

𝜋
∫ 𝑔(𝑥) cos𝑛𝑥

2𝜋

0

𝑑𝑥 =
1

𝜋2
∫𝑥 cos𝑛𝑥

𝜋

0

𝑑𝑥 +
1

𝜋
∫ cos 𝑛𝑥

2𝜋

𝜋

𝑑𝑥 +
1

𝜋
∫ cos𝑛𝑥

2𝜋

𝜋

𝑑𝑥 −
1

𝜋2
∫ 𝑥 cos 𝑛𝑥

2𝜋

𝜋

𝑑𝑥 

𝑑(𝑢𝑣) = 𝑢𝑑𝑣 + 𝑣𝑑𝑢 

∫𝑑(𝑢𝑣) = 𝑢𝑣 = ∫𝑢𝑑𝑣 +∫𝑣𝑑𝑢 
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∫𝑢𝑑𝑣 = 𝑢𝑣 − ∫𝑣𝑑𝑢 

𝑢(𝑥) = 𝑥 

𝑑𝑣 = cos𝑛𝑥 𝑑𝑥 

∫cos𝑛𝑥 𝑑𝑥 =
1

𝑛
sin 𝑛𝑥 

∫𝑥 cos𝑛𝑥

𝜋

0

𝑑𝑥 =
𝑥

𝑛
sin𝑛𝑥]

𝑥=0

𝑥=𝜋

−
1

𝑛
∫ sin𝑛𝑥

𝜋

0

𝑑𝑥 =
1

𝑛2
cos 𝑛𝑥]𝑥=0

𝑥=𝜋 =
1

𝑛2
(cos𝑛𝜋 − 1) =

1

𝑛2
[(−1)𝑛 − 1]

= −
2

(2𝑛 + 1)2
 

∫ 𝑥 cos 𝑛𝑥

2𝜋

𝜋

𝑑𝑥 =
𝑥

𝑛
sin𝑛𝑥]

𝑥=𝜋

𝑥=2𝜋

−
1

𝑛
∫ sin𝑛𝑥

2𝜋

𝜋

𝑑𝑥 =
1

𝑛2
cos𝑛𝑥]𝑥=𝜋

𝑥=2𝜋 =
1

𝑛2
(cos 2𝜋𝑛 − cos𝑛𝜋)

=
1

𝑛2
[1 − (−1)𝑛] =

2

(2𝑛 + 1)2
 

𝑎2𝑛+1 = −
2

(2𝑛 + 1)2𝜋2
−

2

(2𝑛 + 1)2𝜋2
= −

4

(2𝑛 + 1)2𝜋2
 

𝑏𝑛 =
1

𝜋
∫ 𝑔(𝑥) sin 𝑛𝑥

2𝜋

0

𝑑𝑥 =
1

𝜋2
∫𝑥 sin𝑛𝑥

𝜋

0

𝑑𝑥 +
1

𝜋
∫ sin𝑛𝑥

2𝜋

𝜋

𝑑𝑥 +
1

𝜋
∫ sin𝑛𝑥

2𝜋

𝜋

𝑑𝑥 −
1

𝜋2
∫ 𝑥 sin 𝑛𝑥

2𝜋

𝜋

𝑑𝑥 

𝑢(𝑥) = 𝑥 

𝑑𝑣 = sin𝑛𝑥 𝑑𝑥 

∫sin𝑛𝑥 𝑑𝑥 = −
1

𝑛
cos𝑛𝑥 

∫𝑥 sin𝑛𝑥

𝜋

0

𝑑𝑥 =
𝑥

𝑛
cos 𝑛𝑥]

𝑥=0

𝑥=𝜋

−
1

𝑛
∫ cos𝑛𝑥

𝜋

0

𝑑𝑥 =
2𝜋(−1)𝑛

𝑛
 

∫ 𝑥 sin 𝑛𝑥

2𝜋

𝜋

𝑑𝑥 =
𝑥

𝑛
cos𝑛𝑥]

𝑥=𝜋

𝑥=2𝜋

−
1

𝑛
∫ cos𝑛𝑥

2𝜋

𝜋

𝑑𝑥 =
2𝜋

𝑛
−
2𝜋(−1)𝑛

𝑛
 

𝑏𝑛 =
1

𝑛𝜋2
[(−1)𝑛 + (−1)𝑛 − 2] −

2

𝑛𝜋
(cos 2𝜋𝑛 − cos 𝑛𝜋) =

1

𝑛𝜋2
[4(−1)𝑛 − 4] −

2

𝑛𝜋
[1 − (−1)𝑛] 

𝑏2𝑛+1 = −
8

(2𝑛 + 1)𝜋2
+

4

(2𝑛 + 1)𝜋
=

4

(2𝑛 + 1)𝜋
(1 −

2

𝜋
) 

𝑔(𝑥) =
1

2
−∑

4

(2𝑛 + 1)2𝜋2
cos[(2𝑛 + 1)𝑥] +∑

4

(2𝑛 + 1)𝜋
(1 −

2

𝜋
) sin[(2𝑛 + 1)𝑥]

∞

𝑛=0

∞

𝑛=0
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(a) 

𝑔(0) = 𝑔(2𝜋) = 0 =
1

2
−∑

4

(2𝑛 + 1)2𝜋2

∞

𝑛=0

 

∑
1

(2𝑛 + 1)2
=

∞

𝑛=0

𝜋2

8
 

(b) 

[∑
1

(2𝑛 + 1)2

∞

𝑛=0

]

2

=
𝜋4

64
 

(1 +
1

32
+
1

52
+
1

72
+
1

92
+⋯)(1 +

1

32
+
1

52
+
1

72
+
1

92
+⋯)

= 1 +
1

32
+
1

52
+
1

72
+
1

92
+⋯+

1

32
(1 +

1

32
+
1

52
+
1

72
+
1

92
+⋯)

+
1

52
(1 +

1

32
+
1

52
+
1

72
+
1

92
+⋯) +

1

72
(1 +

1

32
+
1

52
+
1

72
+
1

92
+⋯)

+
1

92
(1 +

1

32
+
1

52
+
1

72
+
1

92
+⋯) = 𝑠 + ∑

1

(2𝑛 + 1)4

∞

𝑛=0

=
𝜋4

64
 

∑
1

(2𝑛 + 1)4

∞

𝑛=0

=
𝜋4

64
− 𝑠 

𝑠 = 2 [
1

32
+
1

52
+
1

72
+
1

92
+⋯+

1

32
(
1

52
+
1

72
+
1

92
+⋯) +⋯] 

𝑠 ≈ 0.50732667704348711 

𝜋4

64
− 𝑠 ≈ 1.522017047406288081819380198261 − 0.50732667704348711

= 1.014690370362800971819380198261 

𝜋4

𝛿
≈ 1.014690370362800971819380198261 

𝛿 ≈ 95.998832628296223472948144984649 

𝛿 = 96 

(1) 

∑
1

(2𝑛 + 1)4

∞

𝑛=0

=
𝜋4

96
 

∑
1

(2𝑛 + 1)4

∞

𝑛=0

+∑
1

(2𝑛 + 2)4
=

∞

𝑛=0

∑
1

𝑛4

∞

𝑛=0
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∑
1

(2𝑛 + 2)4
=

∞

𝑛=0

1

16
∑

1

(𝑛 + 1)4

∞

𝑛=0

 

1

16
∫

𝑑𝑥

(𝑥 + 1)4

∞

0

=
1

16
∫
𝑑𝑦

𝑦4

∞

1

=
1

48
 

∑
1

𝑛4

∞

𝑛=0

=
𝜋4

96
+ 𝑡 

𝑡 =
1

16
∑

1

(𝑛 + 1)4

∞

𝑛=0

≈ 0.067645202106928815 

(2) 

𝜋4

96
+ 𝑡 =

𝜋4

90
 

𝑡 =
𝜋4

90
−
𝜋4

96
≈ 1.0823232337111381915160036965412

− 1.0146780316041920545462534655073

≈ 0.06764520210694613696975023103382 

𝜋4

96
×
16

15
=
𝜋4

6
×
16

15
=
𝜋4

90
 

𝑡 =
1

16
∑

1

(𝑛 + 1)4

∞

𝑛=0

=
1

16
(
1

14
+
1

24
+
1

34
+
1

44
+⋯) =

1

16
∑

1

𝑚4
=
𝜁(4)

16

∞

𝑚=1

=
6𝜋4

8640
=

𝜋4

1440
=
1

16
×
𝜋4

90
 

∴ 𝜁(4) =
𝜋4

90
 

36.4 Evaluate the following integral: 

∫
𝑥3𝑑𝑥

𝑒𝑥 − 1

∞

0

= ∫
𝑥3𝑒−𝑥𝑑𝑥

1 − 𝑒−𝑥

∞

0

 

1

1 − 𝑒−𝑥
= 1 + 𝑒−𝑥 + 𝑒−2𝑥 + 𝑒−3𝑥 +⋯ = ∑(𝑒−𝑥)𝑛

∞

𝑛=0

= ∑𝑒−𝑛𝑥
∞

𝑛=0

 

∫
𝑥3𝑒−𝑥𝑑𝑥

1 − 𝑒−𝑥

∞

0

= ∑∫ 𝑥3𝑒−(𝑛+1)𝑥𝑑𝑥

∞

0

∞

𝑛=0

 

𝑢(𝑥) = 𝑥3 

𝑑𝑣 = 𝑒−(𝑛+1)𝑥𝑑𝑥 

𝑣(𝑥) = ∫𝑒−(𝑛+1)𝑥𝑑𝑥 = −
𝑒−(𝑛+1)𝑥

𝑛 + 1
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∫ 𝑥3𝑒−(𝑛+1)𝑥𝑑𝑥

∞

0

=
3

𝑛 + 1
∫ 𝑥2𝑒−(𝑛+1)𝑥𝑑𝑥

∞

0

 

𝑢(𝑥) = 𝑥2 

𝑑𝑣 = 𝑒−(𝑛+1)𝑥𝑑𝑥 

𝑣(𝑥) = ∫𝑒−(𝑛+1)𝑥𝑑𝑥 = −
𝑒−(𝑛+1)𝑥

𝑛 + 1
 

∫ 𝑥2𝑒−(𝑛+1)𝑥𝑑𝑥

∞

0

=
2

𝑛 + 1
∫ 𝑥

∞

0

𝑒−(𝑛+1)𝑥𝑑𝑥 

𝑢(𝑥) = 𝑥 

𝑑𝑣 = 𝑒−(𝑛+1)𝑥𝑑𝑥 

𝑣(𝑥) = ∫𝑒−(𝑛+1)𝑥𝑑𝑥 = −
𝑒−(𝑛+1)𝑥

𝑛 + 1
 

∫ 𝑥

∞

0

𝑒−(𝑛+1)𝑥𝑑𝑥 =
1

𝑛 + 1
∫ 𝑒−(𝑛+1)𝑥𝑑𝑥

∞

0

=
1

(𝑛 + 1)2
 

∫
𝑥3𝑒−𝑥𝑑𝑥

1 − 𝑒−𝑥

∞

0

= 6∑
1

(𝑛 + 1)4

∞

𝑛=0

= 6𝜁(4) =
6𝜋4

90
=
𝜋4

15
 

36.5 

𝑦(𝑥, 𝑡) =
8ℎ

𝜋2
∑

(−1)𝑛+1

(2𝑛 − 1)2
sin [

(2𝑛 − 1)𝜋𝑥

2
] cos [

(2𝑛 − 1)𝑎𝑡

2
]

∞

𝑛=1

 

𝑦 (1,
2𝜋

𝑎
) =

8ℎ

𝜋2
∑

(−1)𝑛+1

(2𝑛 − 1)2
sin [

(2𝑛 − 1)𝜋

2
] cos[(2𝑛 − 1)𝜋] =

8ℎ

𝜋2

∞

𝑛=1

∑
(−1)𝑛+1(−1)𝑛+1(−1)𝑛+1

(2𝑛 − 1)2

∞

𝑛=1

=
8ℎ

𝜋2
∑

(−1)3𝑛+3

(2𝑛 − 1)2
=

∞

𝑛=1

8ℎ

𝜋2
∑

(−1)𝑛+1

(2𝑛 − 1)2
=
8ℎ

𝜋2
(1 −

1

32
+
1

52
−
1

72
+⋯)

∞

𝑛=1

=
8ℎ

𝜋2
×
𝜋

4
=
2ℎ

𝜋
 

𝑦(1,0) =
8ℎ

𝜋2
∑

(−1)𝑛+1

(2𝑛 − 1)2
sin [

(2𝑛 − 1)𝜋

2
]

∞

𝑛=1

= ∑
(−1)𝑛+1(−1)𝑛+1

(2𝑛 − 1)2

∞

𝑛=1

=
8ℎ

𝜋2
∑

(−1)2𝑛+2

(2𝑛 − 1)2
=

∞

𝑛=1

8ℎ

𝜋2
∑

1

(2𝑛 − 1)2
=
8ℎ

𝜋2
(1 +

1

32
+
1

52
+
1

72
+⋯)

∞

𝑛=1

= 

𝐴1
𝐴0
= 1,

𝐴2
𝐴0
= 0,

𝐴3
𝐴0

=
1

32
=
1

9
 

36.6 
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ℎ(𝑥) =
𝑥

2𝜋
 ∀𝑥 ∈ [0,2𝜋) 

𝑎𝑛 =
1

𝜋
∫ ℎ(𝑥) cos 𝑛𝑥

2𝜋

0

𝑑𝑥 =
1

2𝜋2
∫ 𝑥 cos 𝑛𝑥

2𝜋

0

𝑑𝑥 =
𝑥

𝑛
sin𝑛𝑥]

𝑥=0

𝑥=2𝜋

−
1

𝑛
∫ sin𝑛𝑥

2𝜋

0

𝑑𝑥 =
1

𝑛2
cos 𝑛𝑥]𝑥=0

𝑥=2𝜋

= 0 

𝑏𝑛 =
1

𝜋
∫ ℎ(𝑥) sin𝑛𝑥

2𝜋

0

𝑑𝑥 =
1

2𝜋2
∫ 𝑥 sin𝑛𝑥

2𝜋

0

𝑑𝑥 

∫ 𝑥 sin 𝑛𝑥

2𝜋

0

𝑑𝑥 = −
𝑥

𝑛
cos𝑛𝑥]

𝑥=0

𝑥=2𝜋

−
1

𝑛
∫ cos𝑛𝑥

2𝜋

0

𝑑𝑥 = −
2𝜋

𝑛
 

𝑏𝑛 = −
1

𝜋𝑛
 

𝑎0 =
1

𝜋
∫ ℎ(𝑥)

2𝜋

0

𝑑𝑥 =
1

2𝜋2
∫ 𝑥

2𝜋

0

𝑑𝑥 =
1

2𝜋2
×
1

2
𝑥2]𝑥=0

𝑥=2𝜋 = 1 

ℎ(𝑥) =
1

2
−
1

𝜋
∑

sin𝑛𝑥

𝑛

∞

𝑛=1

 

Conjecture: 

ℎ (
𝜋

2
) =

1

2
−
1

𝜋
∑

sin (
𝑛𝜋
2 )

𝑛

∞

𝑛=1

=
1

2
−
1

𝜋
∑

(−1)𝑛+1

(2𝑛 − 1)

∞

𝑛=1

=
1

2
−
1

𝜋
(1 −

1

3
+
1

5
−
1

7
+⋯) = 0.25 =

1

4
 

∴
𝜋

2
−
𝜋

4
= ∑

(−1)𝑛+1

(2𝑛 − 1)

∞

𝑛=1

=
𝜋

4
= tan−1 1 

36.7 

𝑆
𝜕2𝑦

𝜕𝑥2
− 𝜎

𝜕2𝑦

𝜕𝑡2
= 0 

𝑆 ≡ 𝑡𝑒𝑛𝑠𝑖𝑜𝑛 𝑎𝑛𝑑 𝜎 ≡ 𝑚𝑎𝑠𝑠 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 

𝑦(𝑥, 0) =

{
 
 

 
 𝐴0

𝑥

𝑥𝑝
 ∀𝑥 ∈ [0, 𝑥𝑝]

𝐴0 (1 −
𝑥 − 𝑥𝑝
𝐿 − 𝑥𝑝

) ∀𝑥 ∈ (𝑥𝑝, 𝐿]

 

�̇�(𝑥, 0) = 0 

𝐴0 ≡ 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒, 𝐿 ≡ 𝑡ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑖𝑛𝑔 
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𝑦(𝑥, 𝑡) = ∑ sin(
𝑛𝜋𝑥

𝐿
) [𝑎𝑛 sin (

𝑛𝜋𝑐𝑡

𝐿
) + 𝑏𝑛 cos (

𝑛𝜋𝑐𝑡

𝐿
)]

∞

𝑛=1

 

�̇�(𝑥, 𝑡) = ∑
𝑛𝜋𝑐

𝐿
sin (

𝑛𝜋𝑥

𝐿
) [𝑎𝑛 cos (

𝑛𝜋𝑐𝑡

𝐿
) − 𝑏𝑛 sin (

𝑛𝜋𝑐𝑡

𝐿
)]

∞

𝑛=1

 

𝑐 = √
𝑆

𝜎
 

𝑎𝑛 = 0 

𝑏𝑛 = 𝐴0
2𝐿2 sin (

𝑛𝜋𝑥𝑝
𝐿

)

𝑛2𝜋2𝑥𝑝(𝐿 − 𝑥𝑝)
 

𝑦(𝑥, 𝑡) = 2𝐴0∑
𝐿2 sin (

𝑛𝜋𝑥𝑝
𝐿 )

𝑛2𝜋2𝑥𝑝(𝐿 − 𝑥𝑝)
sin (

𝑛𝜋𝑥

𝐿
)

∞

𝑛=1

cos (
𝑛𝜋𝑐𝑡

𝐿
) 

𝑦(𝑥, 0) = 2𝐴0∑
𝐿2 sin (

𝑛𝜋𝑥𝑝
𝐿 )

𝑛2𝜋2𝑥𝑝(𝐿 − 𝑥𝑝)
sin (

𝑛𝜋𝑥

𝐿
)

∞

𝑛=1

 

𝑇 =
2𝐿

𝑐
= 2𝐿√

𝜎

𝑆
 

𝑦(𝑥, 𝑡) = 8𝐴0∑
1

𝑛2𝜋2
sin (

𝑛𝜋𝑥

𝐿
)

∞

𝑛=1

cos (
𝑛𝜋𝑐𝑡

𝐿
) 

𝑦(𝑥, 0) =
8𝐴0
𝜋2

∑
1

𝑛2
sin (

𝑛𝜋𝑥

𝐿
)

∞

𝑛=1

=
8𝐴0
𝜋2

[sin (
𝜋𝑥

𝐿
) +

1

4
sin (

2𝜋𝑥

𝐿
) +

1

9
sin (

3𝜋𝑥

𝐿
) +⋯] 

𝑇

2
=
𝐿

𝑐
 

𝑦 (𝑥,
𝐿

𝑐
) = 8𝐴0∑

1

𝑛2𝜋2
sin (

𝑛𝜋𝑥

𝐿
)

∞

𝑛=1

cos(𝑛𝜋) =
8𝐴0
𝜋2

[−sin (
𝜋𝑥

𝐿
) +

1

4
sin (

2𝜋𝑥

𝐿
) −

1

9
sin (

3𝜋𝑥

𝐿
) +⋯] 

𝑦 (
𝐿

2
,
𝐿

𝑐
) = −

8𝐴0
𝜋2

∑
(−1)𝑛+1

𝑛2

∞

𝑛=1

 

36.8 

𝑓(𝑥) = sin𝑥 ∀𝑥 ∈ [0, 𝜋) 

𝑓(𝑥) =
𝑎0
2
+∑[𝑎𝑛 cos(2𝑛𝑥) + 𝑏𝑛 sin(2𝑛𝑥)]

∞

𝑛=1
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𝑎0 =
2

𝜋
∫ sin𝑥

𝜋

0

𝑑𝑥 = −
2

𝜋
cos 𝑥}𝑥=0

𝑥=𝜋 = −
2

𝜋
(−1 − 1) =

4

𝜋
≈ 1.2732395447351626861510701069801 

𝑎𝑛 =
2

𝜋
∫ sin𝑥 cos(2𝑛𝑥)

𝜋

0

𝑑𝑥 =
2

𝜋
{∫ sin[(1 + 2𝑛)𝑥]𝑑𝑥 − ∫ sin[(1 − 𝑛)𝑥]𝑑𝑥

𝜋

0

𝜋

0

}

=
1

𝜋
{−

cos[(1 + 2𝑛)𝑥]

1 + 2𝑛
]
𝑥=0

𝑥=𝜋

−
cos[(1 − 2𝑛)𝑥]

1 − 2𝑛
]
𝑥=0

𝑥=𝜋

} =

=
1

𝜋
{−

cos[(1 + 2𝑛)𝑥]

1 + 2𝑛
]
𝑥=0

𝑥=𝜋

+
cos[(1 − 2𝑛)𝑥]

2𝑛 − 1
]
𝑥=0

𝑥=𝜋

} 

𝑎1 =
1

𝜋
[−
cos(3𝜋)

3
+
1

3
+ cos𝜋 − 1] =

1

𝜋
(
2

3
− 2) =

1

𝜋
(
2

3
−
6

3
) = −

4

3𝜋

≈ −0.4244131815783875620503567023267 

𝑎2 =
1

𝜋
[−
cos(5𝜋)

5
+
1

5
+
cos(3𝜋)

3
−
1

3
] =

2

𝜋
(
1

5
−
1

3
) =

2

𝜋
(
3

15
−
5

15
) = −

4

15𝜋

≈ −0.08488263631567751241007134046534 

𝑎2 =
1

𝜋
[−
cos(7𝜋)

7
+
1

7
+
cos(5𝜋)

5
−
1

5
] =

2

𝜋
(
1

7
−
1

5
) =

2

𝜋
(
5

35
−
7

35
) = −

4

35𝜋

≈ −0.03637827270671893389003057448515 

𝑏𝑛 =
2

𝜋
∫ sin 𝑥 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 

sin 𝑥 = ∑
(−1)𝑛𝑥2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

= 𝑥 −
𝑥3

3!
+
𝑥5

5!
−⋯ 

∫ sin 𝑥 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 = ∫ 𝑥 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 −
1

3!
∫ 𝑥3 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 +
1

5!
∫ 𝑥5 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 −⋯ 

𝑢(𝑥) = 𝑥 

𝑑𝑣 = sin(2𝑛𝑥)𝑑𝑥 

𝑣(𝑥) = −
1

2𝑛
cos(2𝑛𝑥) 

∫𝑥 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 = −
𝑥

2𝑛
cos(2𝑛𝑥)]

𝑥=0

𝑥=𝜋

+
1

2𝑛
∫ cos(2𝑛𝑥)

𝜋

0

𝑑𝑥 =
1

𝑛2
sin(2𝑛𝑥)]

𝑥=0

𝑥=𝜋

= 0 

𝑢(𝑥) = 𝑥3 

𝑑𝑣 = sin(2𝑛𝑥)𝑑𝑥 
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𝑣(𝑥) = −
1

2𝑛
cos(2𝑛𝑥) 

∫𝑥3 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 = −
𝑥3

2𝑛
cos(2𝑛𝑥)]

𝑥=0

𝑥=𝜋

+
3

2𝑛
∫ 𝑥2 cos(2𝑛𝑥)

𝜋

0

𝑑𝑥 

𝑢(𝑥) = 𝑥2 

𝑑𝑣 = cos(2𝑛𝑥) 𝑑𝑥 

𝑣(𝑥) =
1

2𝑛
sin(2𝑛𝑥) 

∫𝑥2 cos(2𝑛𝑥)

𝜋

0

𝑑𝑥 =
𝑥2

2𝑛
sin(2𝑛𝑥)]

𝑥=0

𝑥=𝜋

−
1

𝑛
∫ 𝑥 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 = 0 

Conjecture: 

∫𝑥2𝑛+1 sin(2𝑛𝑥)

𝜋

0

𝑑𝑥 = 0 ∴ 𝑏𝑛 = 0 

(a) 

1

𝜋
∫|𝑓(𝑥)|2𝑑𝑥 =

𝑎0
2

2
+∑𝑎𝑛

2

∞

𝑛=1

𝜋

0

=
8

𝜋2
+
16

𝜋2
(
1

9
+

1

225
+

1

1225
+⋯) =

2𝑎0
𝜋
+ 𝑎0

2 (
1

9
+

1

225
+

1

1225
+⋯) 

(b) 

𝑎2 = −
4

15𝜋
= −

𝑎0
15

 

 

Fourier coefficients and graph for Exercise 36.1 (a) for f(x) = 1 for all x in the half-open interval [x0, P). 
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15 
 

Fourier coefficients and graph for Exercise 36.1 (b) f(x) = sin x for all x in the half-open interval [0, 2π). 
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Fourier coefficients and graph for Exercise 36.2, the square wave.
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22 
 

Fourier coefficients and graph for Exercise 36.3, the triangle wave.
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Fourier coefficients and graph for Exercise 36.6, the sawtooth wave.
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Fourier coefficients and graph for Exercise 36.8, the rectified sine wave.
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