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38.2 

(a) 

∇⃗⃗ ∙ (∇⃗⃗ × 𝐴 ) = (𝜕𝑥 , 𝜕𝑦, 𝜕𝑧) ∙ |

𝑖̂ 𝑗̂ 𝑘̂
𝜕𝑥 𝜕𝑦 𝜕𝑧

𝐴𝑥 𝐴𝑦 𝐴𝑧

|

= 𝜕𝑥(𝜕𝑦𝐴𝑧 − 𝜕𝑧𝐴𝑦) + 𝜕𝑦(𝜕𝑧𝐴𝑥 − 𝜕𝑥𝐴𝑧) + 𝜕𝑧(𝜕𝑥𝐴𝑦 − 𝜕𝑦𝐴𝑥)

= 𝜕𝑥𝜕𝑦𝐴𝑧 − 𝜕𝑦𝜕𝑥𝐴𝑧 + 𝜕𝑦𝜕𝑧𝐴𝑥 − 𝜕𝑧𝜕𝑦𝐴𝑥 + 𝜕𝑧𝜕𝑥𝐴𝑦 − 𝜕𝑥𝜕𝑧𝐴𝑦 = 0 

[𝜕𝑥, 𝜕𝑦] = 𝜕𝑥𝜕𝑦 − 𝜕𝑦𝜕𝑥 = 0 

𝜕𝑥 =
𝜕

𝜕𝑥
 

(b) 

∇⃗⃗ × (∇⃗⃗ × 𝐴 ) = ∇⃗⃗ (∇⃗⃗ ∙ 𝐴 ) − ∇2𝐴  

∇⃗⃗ × (∇⃗⃗ × 𝐴 ) = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕𝑥 𝜕𝑦 𝜕𝑧

𝜕𝑦𝐴𝑧 − 𝜕𝑧𝐴𝑦 𝜕𝑧𝐴𝑥 − 𝜕𝑥𝐴𝑧 𝜕𝑥𝐴𝑦 − 𝜕𝑦𝐴𝑥

|

= 𝜕𝑥(𝜕𝑦𝐴𝑧 − 𝜕𝑧𝐴𝑦)𝑖̂ + 𝜕𝑦(𝜕𝑧𝐴𝑥 − 𝜕𝑥𝐴𝑧)𝑗̂ + 𝜕𝑧(𝜕𝑥𝐴𝑦 − 𝜕𝑦𝐴𝑥)𝑘̂ 

∇⃗⃗ × 𝐴 = 𝜀𝑖𝑗𝑘𝜕𝑖𝐴𝑗𝑒̂𝑘 

∇⃗⃗ ∙ 𝐴 = 𝜕𝑖𝐴𝑖 

∇⃗⃗ × (∇⃗⃗ × 𝐴 ) = 𝜀𝑖𝑗𝑘𝜕𝑖(∇⃗⃗ × 𝐴 )
𝑗
𝑒̂𝑘 = 𝜀𝑖𝑗𝑘𝜕𝑖𝜀𝑙𝑚𝑗𝜕𝑙𝐴𝑚𝑒̂𝑘 = 𝜀𝑖𝑗𝑘𝜀𝑙𝑚𝑗𝜕𝑖𝜕𝑙𝐴𝑚𝑒̂𝑘 

𝜀𝑖𝑗𝑘 = {

−1∀𝑖𝑗𝑘 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛
0∀𝑖 = 𝑗 𝑜𝑟 𝑖 = 𝑘 𝑜𝑟 𝑗 = 𝑘 

+1∀𝑖𝑗𝑘 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛
 

The following identity is from the online paper [1]: 



𝜀𝑖𝑗𝑘𝜀𝑙𝑚𝑘 = 𝛿𝑖𝑙𝛿𝑗𝑚 − 𝛿𝑖𝑚𝛿𝑗𝑙  

𝜀𝑖𝑗𝑘𝜀𝑙𝑚𝑗 = −𝜀𝑖𝑘𝑗𝜀𝑙𝑚𝑗 = −𝛿𝑖𝑙𝛿𝑘𝑚 + 𝛿𝑖𝑚𝛿𝑘𝑙 

∇⃗⃗ × (∇⃗⃗ × 𝐴 ) = (𝛿𝑖𝑙𝛿𝑘𝑚 − 𝛿𝑖𝑚𝛿𝑘𝑙)𝜕𝑖𝜕𝑙𝐴𝑚𝑒̂𝑘 = −𝛿𝑖𝑙𝛿𝑘𝑚𝜕𝑖𝜕𝑙𝐴𝑚𝑒̂𝑘 + 𝛿𝑖𝑚𝛿𝑘𝑙𝜕𝑖𝜕𝑙𝐴𝑚𝑒̂𝑘

= −𝜕𝑖𝜕𝑖𝐴𝑘𝑒̂𝑘 + 𝜕𝑖𝜕𝑙𝐴𝑖𝑒̂𝑙 = −(∇⃗⃗ ∙ ∇⃗⃗ )𝐴 + ∇⃗⃗ (∇⃗⃗ ∙ 𝐴 ) = ∇⃗⃗ (∇⃗⃗ ∙ 𝐴 ) − ∇2𝐴  

 

38.2 See [2]. 

(a)  

𝑅⃗ = (𝑥 𝑦 𝑧) = (𝑥1 𝑥2 𝑥3) 

∇⃗⃗ ∙ 𝑅⃗ = 𝜕𝑥𝑖
𝑥𝑖 = 1 + 1 + 1 = 3 

(b) 

∇⃗⃗ × 𝑅⃗ = |
𝑖̂ 𝑗̂ 𝑘̂
𝜕𝑥 𝜕𝑦 𝜕𝑧

𝑥 𝑦 𝑧

| = 𝜕𝑥(𝜕𝑦𝑧 − 𝜕𝑧𝑦)𝑖̂ + 𝜕𝑦(𝜕𝑧𝑥 − 𝜕𝑥𝑧)𝑗̂ + 𝜕𝑧(𝜕𝑥𝑦 − 𝜕𝑦𝑥)𝑘̂ = 0⃗  

Show that for all R not equal zero: 

(c) 

∇⃗⃗ ∙ (
𝑅⃗ 

𝑅3) = 𝜕𝑥𝑖
(
𝑥𝑖

𝑅3
) =

∇⃗⃗ ∙ 𝑅⃗ 

𝑅3
+ 𝑥𝑖𝜕𝑥𝑖

(
1

𝑅3
) =

3

𝑅3
−

3𝑥𝑖𝑥𝑖

𝑅5
=

3

𝑅3
−

3𝑅2

𝑅5
=

3

𝑅3
−

3

𝑅3
= 0 

(d) 

∇⃗⃗ × (
𝑅⃗ 

𝑅3) = 𝜀𝑖𝑗𝑘𝜕𝑖 (
𝑥𝑗

𝑅3
) 𝑒̂𝑘 =

1

𝑅3
𝜀𝑖𝑗𝑘𝛿𝑖𝑗𝑒̂𝑘 − 3𝜀𝑖𝑗𝑘

𝑥𝑖𝑥𝑗

𝑅5
𝑒̂𝑘 = (

3

𝑅3
−

3𝑥𝑖𝑥𝑖

𝑅5
) 𝑒̂𝑘 = 0⃗  

(e) 

∇⃗⃗ (
1

𝑅
) = 𝜕𝑥𝑖

(
1

𝑅
) 𝑒̂𝑖 = −

𝑥𝑖

𝑅3
𝑒̂𝑖 = −

𝑅⃗ 

𝑅3
 

(f) 

𝑅⃗ = ∇⃗⃗ 𝜑 → 𝜑 =
1

2
(𝑅⃗ ∙ 𝑅⃗ ) =

1

2
(𝑥𝑖𝑥𝑖) 

∇⃗⃗ 𝜑 =
1

2
𝜕𝑥𝑖

(𝑥𝑘𝑥𝑘)𝑒̂𝑖 =
1

2
(2𝛿𝑖𝑘𝑥𝑘)𝑒̂𝑖 = 𝑥𝑖𝑒̂𝑖 = 𝑅⃗  

38.3 

(a) 

∇⃗⃗ ∙ (∇⃗⃗ × 𝐸⃗ ) = −
𝜕

𝜕𝑡
(∇⃗⃗ ∙ 𝐵⃗ ) 

From Exercise 38.2 (a) we find: 



0 = −
𝜕

𝜕𝑡
(∇⃗⃗ ∙ 𝐵⃗ ) ∴ ∇⃗⃗ ∙ 𝐵⃗ = 0 

(b) 

∇⃗⃗ ∙ [𝑐2(∇⃗⃗ × 𝐵⃗ )] = ∇⃗⃗ ∙ (
𝜕𝐸⃗ 

𝜕𝑡
+

𝑗 

𝜖0
) = 𝑐2∇⃗⃗ ∙ (∇⃗⃗ × 𝐵⃗ ) = 0 =

𝜕

𝜕𝑡
(∇⃗⃗ ∙ 𝐸⃗ ) +

∇⃗⃗ ∙ 𝑗 

𝜖0
 

1

𝜖0

∂ρ

∂t
+

∇⃗⃗ ∙ 𝑗 

𝜖0
= 0 

∇⃗⃗ ∙ 𝑗 = −
∂ρ

∂t
 

(c) 

∇⃗⃗ × (∇⃗⃗ × 𝐸⃗ ) = −
𝜕

𝜕𝑡
(∇⃗⃗ × 𝐵⃗ ) 

∇⃗⃗ × (∇⃗⃗ × 𝐸⃗ ) = ∇⃗⃗ (∇⃗⃗ ∙ 𝐸⃗ ) − ∇2𝐸⃗ = −∇2𝐸⃗  

∇⃗⃗ × 𝐵⃗ =
1

𝑐2

∂𝐸⃗ 

∂t
 

−∇2𝐸⃗ = −
1

𝑐2

𝜕2𝐸⃗ 

𝜕𝑡2
 

∇2𝐸⃗ −
1

𝑐2

𝜕2𝐸⃗ 

𝜕𝑡2
= 0 

(d) 

∇⃗⃗ × [𝑐2(∇⃗⃗ × 𝐵⃗ )] =
𝜕

𝜕𝑡
(∇⃗⃗ × 𝐸⃗ ) 

∇⃗⃗ × (∇⃗⃗ × 𝐵⃗ ) =
1

𝑐2

𝜕

𝜕𝑡
(∇⃗⃗ × 𝐸⃗ ) = −

1

𝑐2

𝜕2𝐵⃗ 

𝜕𝑡2
 

∇⃗⃗ × (∇⃗⃗ × 𝐵⃗ ) = ∇⃗⃗ (∇⃗⃗ ∙ 𝐵⃗ ) − ∇2𝐵⃗ = −∇2𝐵⃗  

∇2𝐵⃗ −
1

𝑐2

𝜕2𝐵⃗ 

𝜕𝑡2
= 0 

(e) 

𝐸⃗ = −∇⃗⃗ 𝜙 −
∂𝐴 

∂t
 

∇⃗⃗ × 𝐸⃗ = −∇⃗⃗ × ∇⃗⃗ 𝜙 −
𝜕

𝜕𝑡
(∇⃗⃗ × 𝐴 ) = −

𝜕

𝜕𝑡
(∇⃗⃗ × 𝐴 ) = −

𝜕𝐵⃗ 

𝜕𝑡
 

𝐵⃗ = ∇⃗⃗ × 𝐴  



(f) 

Since the following relationship holds: 

∇⃗⃗ ∙ 𝐵⃗ = 0 

By a previous result then by second exercise part (a) we have: 

∇⃗⃗ ∙ (∇⃗⃗ × 𝐴 ) = 0 

38.5 

(a) 

𝑣(𝑥, 𝑦, 𝑧)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝜔⃗⃗ × 𝑟  

(b) 

∇⃗⃗ ∙ 𝑣(𝑥, 𝑦, 𝑧)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = ∇⃗⃗ ∙ (𝜔⃗⃗ × 𝑟 ) = 0 

∇⃗⃗ × (𝜔⃗⃗ × 𝑟 ) = 𝜔⃗⃗ (∇⃗⃗ ∙ 𝑟 ) − 𝑟 (∇⃗⃗ ∙ 𝜔⃗⃗ ) + (𝑟 ∙ ∇⃗⃗ )𝜔⃗⃗ − (𝜔⃗⃗ ∙ ∇⃗⃗ )𝑟 = 3𝜔⃗⃗ − 𝜔⃗⃗ = 2𝜔⃗⃗  

The angular velocity is a constant vector. 

38.6 

(a) 

𝐴 × 𝑅⃗ = |
𝑖̂ 𝑗̂ 𝑘̂

𝐴𝑥 𝐴𝑦 𝐴𝑧

𝑥 𝑦 𝑧
| = (𝐴𝑦𝑧 − 𝐴𝑧𝑦)𝑖̂ + (𝐴𝑧𝑥 − 𝐴𝑥𝑧)𝑗̂ + (𝐴𝑥𝑦 − 𝐴𝑦𝑥)𝑘̂ 

∇⃗⃗ × (𝐴 × 𝑅⃗ ) = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕𝑥 𝜕𝑦 𝜕𝑧

𝐴𝑦𝑧 − 𝐴𝑧𝑦 𝐴𝑧𝑥 − 𝐴𝑥𝑧 𝐴𝑥𝑦 − 𝐴𝑦𝑥

| = (𝐴𝑥 + 𝐴𝑥)𝑖̂ + (𝐴𝑦 + 𝐴𝑦)𝑗̂ + (𝐴𝑧 + 𝐴𝑧)𝑘̂

= 2𝐴  

(b) 

𝐵⃗ × (𝐴 × 𝐶 ) = 𝐴 (𝐵⃗ ∙ 𝐶 ) − 𝐶 (B⃗⃗ ∙ 𝐴 ) 

∇⃗⃗ × (𝐴 × 𝐶 ) = 𝐴 (∇⃗⃗ ∙ 𝐶 ) − 𝐶 (∇⃗⃗ ∙ 𝐴 ) 

∇⃗⃗ × (𝐴 × 𝑅⃗ ) = 𝐴 (∇⃗⃗ ∙ 𝑅⃗ ) − 𝑅⃗ (∇⃗⃗ ∙ 𝐴 ) = 3𝐴  

The preceding equation is only half the complete equation: 

∇⃗⃗ × (𝐴 × 𝑅⃗ ) = 𝐴 (∇⃗⃗ ∙ 𝑅⃗ ) − 𝑅⃗ (∇⃗⃗ ∙ 𝐴 ) + (𝑅⃗ ∙ ∇⃗⃗ )𝐴 − (𝐴 ∙ ∇⃗⃗ )𝑅⃗ = 3𝐴 − 𝐴 = 2𝐴  
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