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Separation of Variables for the Time-
Independent Schrödinger Equation for the 

Non-Relativistic Hydrogen-Like Atom by 
James Pate Williams, Jr. BA, BS, MSwE, PhD 

 

 From a previous blog entry of May 8, 2018, we have the time-independent Schrödinger equation for the 

non-relativistic hydrogen-like atom of atomic number Z as: 

−
ℎ2

8𝜋2𝜇
(
𝜕2𝜓

𝜕𝑥2
+
𝜕2𝜓

𝜕𝑦2
+
𝜕2𝜓

𝜕𝑧2
) −

𝑍𝑒2

𝑟
𝜓 = 𝐸𝜓 

This equation can be rewritten as illustrated below: 

∇2𝜓 +
8𝜋2𝜇𝑍𝑒2

ℎ2𝑟
𝜓 +

8𝜋2𝜇𝐸

ℎ2
𝜓 = 0 

Where 

∇2=
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2
 

𝑟 = √𝑥2 + 𝑦2 + 𝑧2 

1

𝜇
=

1

𝑚𝑛
+

1

𝑚𝑒
=
𝑚𝑛 +𝑚𝑒

𝑚𝑛𝑚𝑒
 

𝜇 =
𝑚𝑛𝑚𝑒

𝑚𝑛 +𝑚𝑒
 

It is easily discerned that the Laplacian operator is not separable in Cartesian coordinates. We will now 

try spherical coordinates: 

𝑥 = 𝑟 cos𝜗 cos𝜑 

𝑦 = 𝑟 sin𝜗 sin𝜑 

𝑧 = 𝑟 cos 𝜗 

An easy calculation shows that the following equation holds: 

𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 

Therefore, we again find that: 

𝑟 = √𝑥2 + 𝑦2 + 𝑧2 
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Solving for the other two variables is just as facile: 

𝜗 = cos−1 (
𝑧

𝑟
) 

𝜑 = tan−1 (
𝑦

𝑥
) 

In performing the transformation of the Laplacian operator, we need the following partial derivatives: 

𝜕𝑟

𝜕𝑥
=
𝑥

𝑟
 

𝜕2𝑟

𝜕𝑥2
=
1

𝑟
−
𝑥2

𝑟3
 

𝜕𝑟

𝜕𝑦
=
𝑦

𝑟
 

𝜕2𝑟

𝜕𝑦2
=
1

𝑟
−
𝑦2

𝑟3
 

𝜕𝑟

𝜕𝑧
=
𝑧

𝑟
 

𝜕2𝑟

𝜕𝑧2
=
1

𝑟
−
𝑧2

𝑟3
 

𝜕𝜗

𝜕𝑥
= −

𝜕

𝜕𝑥
(
𝑧

𝑟
) (1 −

𝑧2

𝑟2
)

−1 2⁄

=
𝑥𝑧

𝑟3
(1 −

𝑧2

𝑟2
)

−1 2⁄

 

𝜕2𝜗

𝜕𝑥2
= (

𝑧

𝑟3
−
3𝑥2𝑧

𝑟5
)(1 −

𝑧2

𝑟2
)

−1 2⁄

+
𝑥2𝑧2

𝑟5
(1 −

𝑧2

𝑟2
)

−3 2⁄

 

𝜕𝜗

𝜕𝑦
= −

𝜕

𝜕𝑦
(
𝑧

𝑟
) (1 −

𝑧2

𝑟2
)

−1 2⁄

=
𝑦𝑧

𝑟3
(1 −

𝑧2

𝑟2
)

−1 2⁄

 

𝜕2𝜗

𝜕𝑦2
= (

𝑧

𝑟3
−
3𝑦2𝑧

𝑟5
)(1 −

𝑧2

𝑟2
)

−1 2⁄

+
𝑦2𝑧2

𝑟5
(1 −

𝑧2

𝑟2
)

−3 2⁄

 

𝜕𝜗

𝜕𝑧
= −

𝜕

𝜕𝑧
(
𝑧

𝑟
) (1 −

𝑧2

𝑟2
)

−1 2⁄

= (−
1

𝑟
−
𝑧2

𝑟3
)(1 −

𝑧2

𝑟2
)

−1 2⁄

 

𝜕2𝜗

𝜕𝑧2
= (

𝑧

𝑟3
+
2𝑧

𝑟3
−
3𝑧3

𝑟5
)(1 −

𝑧2

𝑟2
)

−1 2⁄

−
1

2
(−

1

𝑟
−
𝑧2

𝑟3
)

2

(1 −
𝑧2

𝑟2
)

−3 2⁄

 

𝜕𝜑

𝜕𝑥
=

𝜕

𝜕𝑥
(
𝑦

𝑥
)(1 +

𝑦2

𝑥2
)

−1

= −
𝑦

𝑥2
(1 +

𝑦2

𝑥2
)

−1
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𝜕2𝜑

𝜕𝑥2
=
2𝑦

𝑥3
(1 +

𝑦2

𝑥2
)

−1

+
𝑦3

𝑥4
(1 +

𝑦2

𝑥2
)

−2

 

𝜕𝜑

𝜕𝑦
=

𝜕

𝜕𝑦
(
𝑦

𝑥
)(1 +

𝑦2

𝑥2
)

−1

=
1

𝑥
(1 +

𝑦2

𝑥2
)

−1

 

𝜕2𝜑

𝜕𝑦2
= −

2𝑦

𝑥3
(1 +

𝑦2

𝑥2
)

−2

 

𝜕

𝜕𝑥
=
𝜕𝑟

𝜕𝑥

𝜕

𝜕𝑟
+
𝜕𝜗

𝜕𝑥

𝜕

𝜕𝜗
+
𝜕𝜑

𝜕𝑥

𝜕

𝜕𝜑
 

𝜕

𝜕𝑦
=
𝜕𝑟

𝜕𝑦

𝜕

𝜕𝑟
+
𝜕𝜗

𝜕𝑦

𝜕

𝜕𝜗
+
𝜕𝜑

𝜕𝑦

𝜕

𝜕𝜑
 

𝜕

𝜕𝑧
=
𝜕𝑟

𝜕𝑧

𝜕

𝜕𝑟
+
𝜕𝜗

𝜕𝑧

𝜕

𝜕𝜗
+
𝜕𝜑

𝜕𝑧

𝜕

𝜕𝜑
 

𝜕

𝜕𝑥
=
𝑥

𝑟

𝜕

𝜕𝑟
+
𝑥𝑧

𝑟3
(1 −

𝑧2

𝑟2
)

−1 2⁄
𝜕

𝜕𝜗
−

𝑦

𝑥2
(1 +

𝑦2

𝑥2
)

−1
𝜕

𝜕𝜑
 

𝜕

𝜕𝑦
=
𝑦

𝑟

𝜕

𝜕𝑟
+
𝑦𝑧

𝑟3
(1 −

𝑧2

𝑟2
)

−1 2⁄
𝜕

𝜕𝜗
+
1

𝑥
(1 +

𝑦2

𝑥2
)

−1
𝜕

𝜕𝜑
 

𝜕

𝜕𝑧
=
𝑧

𝑟

𝜕

𝜕𝑟
+ (−

1

𝑟
−
𝑧2

𝑟3
)(1 −

𝑧2

𝑟2
)

−1 2⁄
𝜕

𝜕𝜗
 

𝜕2

𝜕𝑥2
=
𝜕2𝑟

𝜕𝑥2
𝜕

𝜕𝑟
+
𝜕2𝜗

𝜕𝑥2
𝜕

𝜕𝜗
+
𝜕2𝜑

𝜕𝑥2
𝜕

𝜕𝜑
+
𝜕𝑟

𝜕𝑥

𝜕

𝜕𝑥

𝜕

𝜕𝑟
+
𝜕𝜗

𝜕𝑥

𝜕

𝜕𝑥

𝜕

𝜕𝜗
+
𝜕𝜑

𝜕𝑥

𝜕

𝜕𝑥

𝜕

𝜕𝜑
 

𝜕2

𝜕𝑦2
=
𝜕2𝑟

𝜕𝑦2
𝜕

𝜕𝑟
+
𝜕2𝜗

𝜕𝑦2
𝜕

𝜕𝜗
+
𝜕2𝜑

𝜕𝑦2
𝜕

𝜕𝜑
+
𝜕𝑟

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑟
+
𝜕𝜗

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝜗
+
𝜕𝜑

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝜑
 

𝜕2

𝜕𝑧2
=
𝜕2𝑟

𝜕𝑧2
𝜕

𝜕𝑟
+
𝜕2𝜗

𝜕𝑧2
𝜕

𝜕𝜗
+
𝜕2𝜑

𝜕𝑧2
𝜕

𝜕𝜑
+
𝜕𝑟

𝜕𝑧

𝜕

𝜕𝑧

𝜕

𝜕𝑟
+
𝜕𝜗

𝜕𝑧

𝜕

𝜕𝑧

𝜕

𝜕𝜗
+
𝜕𝜑

𝜕𝑧

𝜕

𝜕𝑧

𝜕

𝜕𝜑
 

𝜕𝑟

𝜕𝑥

𝜕

𝜕𝑥

𝜕

𝜕𝑟
=
𝜕𝑟

𝜕𝑥

𝜕

𝜕𝑟

𝜕

𝜕𝑥
= (

𝜕𝑟

𝜕𝑥
)
2 𝜕2

𝜕𝑟2
+⋯ 

𝜕𝑟

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑟
=
𝜕𝑟

𝜕𝑦

𝜕

𝜕𝑟

𝜕

𝜕𝑦
= (

𝜕𝑟

𝜕𝑦
)
2 𝜕2

𝜕𝑟2
+⋯ 

𝜕𝑟

𝜕𝑧

𝜕

𝜕𝑧

𝜕

𝜕𝑟
=
𝜕𝑟

𝜕𝑧

𝜕

𝜕𝑟

𝜕

𝜕𝑧
= (

𝜕𝑟

𝜕𝑧
)
2 𝜕2

𝜕𝑟2
+⋯ 

𝜕2

𝜕𝑥2
= (

1

𝑟
−
𝑥2

𝑟3
)
𝜕

𝜕𝑟
+ (

𝑥

𝑟
)
2 𝜕2

𝜕𝑟2
+⋯ 
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𝜕2

𝜕𝑦2
= (

1

𝑟
−
𝑦2

𝑟3
)
𝜕

𝜕𝑟
+ (

𝑦

𝑟
)
2 𝜕2

𝜕𝑟2
+⋯ 

𝜕2

𝜕𝑧2
= (

1

𝑟
−
𝑧2

𝑟3
)
𝜕

𝜕𝑟
+ (

𝑧

𝑟
)
2 𝜕2

𝜕𝑟2
+⋯ 

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2
=

𝜕2

𝜕𝑟2
+ (

3

𝑟
−
𝑟2

𝑟3
)
𝜕

𝜕𝑟
+⋯ =

𝜕2

𝜕𝑟2
+
2

𝑟

𝜕

𝜕𝑟
+⋯ =

1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕

𝜕𝑟
) +⋯ 

I leave the derivation of the theta and phi terms as an exercise for the reader. 

There is a much easier way to derive the Laplacian operator in any three-dimensional orthogonal 

curvilinear coordinate system using the equation [1]: 

∇2=
1

ℎ1ℎ2ℎ3
[
𝜕

𝜕𝑥1
(
ℎ2ℎ3
ℎ1

𝜕

𝜕𝑥1
) +

𝜕

𝜕𝑥2
(
ℎ1ℎ3
ℎ2

𝜕

𝜕𝑥2
) +

𝜕

𝜕𝑥3
(
ℎ1ℎ2
ℎ3

𝜕

𝜕𝑥3
)] 

The scale functions are calculated from the metric tensor elements as follows: 

ℎ1 = √𝑔11, ℎ2 = √𝑔22, ℎ3 = √𝑔33 

The metric tensor elements maybe calculated from the line element as shown below: 

𝑑𝑠2 = 𝑔𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛 

𝑑𝑥 = sin𝜗 cos𝜑 𝑑𝑟 + 𝑟 cos 𝜗 cos𝜑 𝑑𝜗 −𝑟 sin𝜗 sin𝜑 𝑑𝜑 

𝑑𝑦 = sin𝜗 sin𝜑 𝑑𝑟 + 𝑟 cos 𝜗 sin𝜑𝑑𝜗 +𝑟 sin 𝜗 cos𝜑 𝑑𝜑 

𝑑𝑧 = cos𝜗 𝑑𝑟 − 𝑟 sin 𝜗 𝑑𝜗 

(𝑑𝑥)2 = (sin𝜗)2(cos𝜑)2(𝑑𝑟)2 + 𝑟2(cos𝜗)2(cos𝜑)2(𝑑𝜗)2 + 𝑟2(sin𝜗)2(sin𝜑)2(𝑑𝜑)2

+ 2𝑟 sin 𝜗 cos 𝜗(cos𝜑)2𝑑𝑟𝑑𝜗 − 2𝑟(sin𝜗)2 cos𝜑 sin𝜑 𝑑𝑟𝑑𝜑

− 2𝑟2 cos 𝜗 sin𝜗 cos𝜑 sin𝜑𝑑𝜗𝑑𝜑 

(𝑑𝑦)2 = (sin𝜗)2(sin𝜑)2(𝑑𝑟)2 + 𝑟2(cos 𝜗)2(sin𝜑)2(𝑑𝜗)2 + 𝑟2(sin𝜗)2(cos𝜑)2(𝑑𝜑)2

+ 2𝑟 sin 𝜗 cos𝜗(sin𝜑)2𝑑𝑟𝑑𝜗 + 2𝑟(sin 𝜗)2 cos𝜑 sin𝜑 𝑑𝑟𝑑𝜑

+ 2𝑟2 cos 𝜗 sin𝜗 cos𝜑 sin𝜑𝑑𝜗𝑑𝜑 

(𝑑𝑧)2 = (cos𝜗)2(𝑑𝑟)2 + 𝑟2(sin𝜗)2(𝑑𝜗)2 − 2𝑟 cos 𝜗 sin𝜗 𝑑𝑟𝑑𝜗 

(𝑑𝑠)2 = (𝑑𝑥)2 + (𝑑𝑦)2 + (𝑑𝑧)2

= (sin𝜗)2[(cos𝜑)2 + (sin𝜑)2](𝑑𝑟)2 + (cos𝜗)2(𝑑𝑟)2

+ 𝑟2(cos 𝜗)2[(cos𝜑)2 + (sin𝜑)2](𝑑𝜗)2 + 𝑟2(sin𝜗)2(𝑑𝜗)2

+ 𝑟2(sin 𝜗)2[(sin𝜑)2 + (cos𝜑)2](𝑑𝜑)2 = (𝑑𝑟)2 + 𝑟2(𝑑𝜗)2 + 𝑟2(sin 𝜗)2(𝑑𝜑)2 

ℎ𝑟 = 1, ℎ𝜗 = 𝑟, ℎ𝜑 = 𝑟 sin𝜗 
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∇2=
1

ℎ𝑟ℎ𝜗ℎ𝜑
[
𝜕

𝜕𝑟
(
ℎ𝜗ℎ𝜑

ℎ𝑟

𝜕

𝜕𝑟
) +

𝜕

𝜕𝜗
(
ℎ𝑟ℎ𝜑

ℎ𝜗

𝜕

𝜕𝜗
) +

𝜕

𝜕𝜑
(
ℎ𝑟ℎ𝜗
ℎ𝜑

𝜕

𝜕𝜑
)]

=
1

𝑟2 sin 𝜗
[
𝜕

𝜕𝑟
(𝑟2 sin 𝜗

𝜕

𝜕𝑟
) +

𝜕

𝜕𝜗
(
𝑟 sin𝜗

𝑟

𝜕

𝜕𝜗
) +

𝜕

𝜕𝜑
(

𝑟

𝑟 sin𝜗

𝜕

𝜕𝜑
)]

=
1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕

𝜕𝑟
) +

1

𝑟2 sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕

𝜕𝜗
) +

1

𝑟2(sin𝜗)2
𝜕2

𝜕𝜑2
 

𝜓(𝑟, 𝜗, 𝜑) = 𝑅(𝑟)𝑌(𝜗, 𝜑) 

𝑌

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) +

𝑅

𝑟2 sin𝜗

𝜕

𝜕𝜗
(sin 𝜗

𝜕𝑌

𝜕𝜗
) +

𝑅

𝑟2(sin 𝜗)2
𝜕2𝑌

𝜕𝜑2
+
8𝜋2𝜇𝑍𝑒2

ℎ2𝑟
𝑅𝑌 +

8𝜋2𝜇𝐸

ℎ2
𝑅𝑌 = 0 

1

𝑅𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) +

1

𝑌𝑟2 sin 𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕𝑌

𝜕𝜗
) +

1

𝑌𝑟2(sin 𝜗)2
𝜕2𝑌

𝜕𝜑2
+
8𝜋2𝜇𝑍𝑒2

ℎ2𝑟
+
8𝜋2𝜇𝐸

ℎ2
= 0 

1

𝑅

𝜕

𝜕𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) +

1

𝑌 sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕𝑌

𝜕𝜗
) +

1

𝑌(sin 𝜗)2
𝜕2𝑌

𝜕𝜑2
+
8𝜋2𝜇𝑍𝑒2

ℎ2
𝑟 +

8𝜋2𝜇𝐸

ℎ2
𝑟2 = 0 

1

𝑅

𝜕

𝜕𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) +

8𝜋2𝜇𝑍𝑒2

ℎ2
𝑟 +

8𝜋2𝜇𝐸

ℎ2
𝑟2 = −

1

𝑌 sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕𝑌

𝜕𝜗
) −

1

𝑌(sin 𝜗)2
𝜕2𝑌

𝜕𝜑2
= 𝜆2 

1

𝑅

𝑑

𝑑𝑟
(𝑟2

𝑑𝑅

𝑑𝑟
) +

8𝜋2𝜇𝑍𝑒2

ℎ2
𝑟 +

8𝜋2𝜇𝐸

ℎ2
𝑟2 − 𝜆2 = 0 

−
1

𝑌 sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕𝑌

𝜕𝜗
) −

1

𝑌(sin𝜗)2
𝜕2𝑌

𝜕𝜑2
− 𝜆2 = 0 

𝑑

𝑑𝑟
(𝑟2

𝑑𝑅

𝑑𝑟
) +

8𝜋2𝜇𝑍𝑒2

ℎ2
𝑟𝑅 +

8𝜋2𝜇𝐸

ℎ2
𝑟2𝑅 − 𝜆2𝑅 = 0 

−
1

sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕𝑌

𝜕𝜗
) −

1

(sin𝜗)2
𝜕2𝑌

𝜕𝜑2
− 𝜆2𝑌 = 0 

𝑑

𝑑𝑟
(𝑟2

𝑑𝑅

𝑑𝑟
) − (𝜆2 −

8𝜋2𝜇𝑍𝑒2

ℎ2
𝑟 −

𝜇𝐸

ℎ2
𝑟2)𝑅 = 0 

𝑌(𝜗, 𝜑) = Θ(𝜗)Φ(𝜑) 

−
Φ

sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕Θ

𝜕𝜗
) −

Θ

(sin 𝜗)2
𝜕2Φ

𝜕𝜑2
− 𝜆2ΘΦ = 0 

−
1

Θsin𝜗

𝜕

𝜕𝜗
(sin 𝜗

𝜕Θ

𝜕𝜗
) −

1

Φ(sin𝜗)2
𝜕2Φ

𝜕𝜑2
− 𝜆2 = 0 

−
sin𝜗

Θ

𝜕

𝜕𝜗
(sin𝜗

𝜕Θ

𝜕𝜗
) −

1

Φ

𝜕2Φ

𝜕𝜑2
− 𝜆2(sin𝜗)2 = 0 

−
sin𝜗

Θ

𝜕

𝜕𝜗
(sin 𝜗

𝜕Θ

𝜕𝜗
) − 𝜆2(sin𝜗)2 = −

1

Φ

𝜕2Φ

𝜕𝜑2
= 𝜈2 



6 
 

sin𝜗
𝑑

𝑑𝜗
(sin𝜗

dΘ

𝑑𝜗
) + 𝜆2(sin𝜗)2Θ − 𝜈2Θ = 0 

𝑑2Φ

𝑑𝜑2
+ 𝜈2Φ = 0 

𝑚 = 𝜈 

Φ(𝜑) = 𝐴𝑒𝑖𝑚𝜑 + 𝐵𝑒−𝑖𝑚𝜑, 𝑚 ≠ 0 

Φ(𝜑) = 𝐴 + 𝐵𝜑,𝑚 = 0 

Φ𝑚(𝜑) =
1

√2𝜋
𝑒𝑖𝑚𝜑 
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