
The time dependent Schrödinger equation for the hydrogen-like atom is [1] 
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Ψ(𝑟𝑛⃗⃗  ⃗, 𝑟𝑒⃗⃗⃗  , 𝑡) = 𝐻Ψ(𝑟𝑛⃗⃗  ⃗, 𝑟𝑒⃗⃗⃗  , 𝑡) 

Where the classical Hamiltonian for a single electron atom is given by: 
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We transform from classical momenta to quantum mechanics as follows: 

𝑝𝑛
2 = −

ℎ2

4𝜋2
∇𝑛

2= −
ℎ2

4𝜋2 (
𝜕2

𝜕𝑥𝑛
2 +

𝜕2

𝜕𝑦𝑛
2 +

𝜕2

𝜕𝑧𝑛
2) 

Next, we transform from laboratory frame of reference to the center of mass frame of reference. 

𝑥 = 𝑥𝑛 − 𝑥𝑒 

𝑦 = 𝑦𝑛 − 𝑦𝑒 

𝑧 = 𝑧𝑛 − 𝑧𝑒  

𝑟 = ‖𝑟𝑛⃗⃗  ⃗ − 𝑟𝑒⃗⃗⃗  ‖
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𝑋𝑛 = 𝑥𝑛 − 𝑋 

𝑋𝑒 = 𝑥𝑒 − 𝑋 

𝑚𝑛𝑋𝑛 + 𝑚𝑒𝑋𝑒 = 𝑚𝑛𝑥𝑛 + 𝑚𝑒𝑥𝑒 − 𝑚𝑛𝑋 − 𝑚𝑒𝑋 = 0 

(𝑚𝑛 + 𝑚𝑒)𝑋 = 𝑀𝑋 = 𝑚𝑛𝑥𝑛 + 𝑚𝑒𝑥𝑒 

(𝑚𝑛 + 𝑚𝑒)𝑌 = 𝑀𝑌 = 𝑚𝑛𝑦𝑛 + 𝑚𝑒𝑦𝑒  

(𝑚𝑛 + 𝑚𝑒)𝑍 = 𝑀𝑍 = 𝑚𝑛𝑧𝑛 + 𝑚𝑒𝑧𝑒  

Eliminate the electron position from the x and X equations by addition of the following two equations: 

𝑚𝑒𝑥 = 𝑚𝑒𝑥𝑛 − 𝑚𝑒𝑥𝑒 

𝑀𝑋 = 𝑚𝑛𝑥𝑛 + 𝑚𝑒𝑥𝑒 

𝑚𝑒𝑥 + 𝑀𝑋 = 𝑚𝑒𝑥𝑛 + 𝑚𝑛𝑥𝑛 = (𝑚𝑒 + 𝑚𝑛)𝑥𝑛 = 𝑀𝑥𝑛 
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Ψ(𝑟𝑛⃗⃗  ⃗, 𝑟𝑒⃗⃗⃗  , 𝑡) = Ψ(𝑟 , 𝑅⃗ , 𝑡) = 𝜓(𝑟 )𝑈(𝑅⃗ )𝑇(𝑡) 
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𝑢(𝑋) = 𝐴𝑋 sin(𝛼𝑋) + 𝐵𝑋 cos(𝛼𝑋) 

𝑣(𝑌) = 𝐴𝑌 sin(𝛽𝑌) + 𝐵𝑌 cos(𝛽𝑌) 

𝑤(𝑍) = 𝐴𝑍 sin(𝛾𝑍) + 𝐵𝑍 cos(𝛾𝑍) 
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