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Solve the Laplace equation in the following orthogonal curvilinear coordinate systems: 

a. Cartesian coordinates 

b. Cylindrical coordinates 

c. Spherical polar coordinates 

d. Parabolic cylindrical coordinates 

The Laplacian operator in orthogonal curvilinear coordinates is defined by the equation: 
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 The line element is defined in terms of the metric tensor and scale factors as: 

𝑑𝑠2 = 𝑔𝑚𝑛𝑑𝑢𝑚𝑑𝑢𝑛 

ℎ𝑚 = √𝑔𝑚𝑚 

a. Cartesian coordinates 

∇2=
𝜕2

𝜕𝑥2
+
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+

𝜕2
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The potential equation is given by: 

 

∇2Φ(𝑥, 𝑦, 𝑧) = 0 

 

Φ(0,0,0) = Φ(𝑎, 𝑏, 𝑐) = 0 

 

Φ(𝑥, 𝑦, 𝑧) = 𝑋(𝑥)𝑌(𝑦)𝑍(𝑧) 

 

𝑋′′(𝑥)

𝑋(𝑥)
+

𝑌′′(𝑦)

𝑌(𝑦)
+

𝑍′′(𝑧)

𝑍(𝑧)
= −𝑘2 − 𝑙2 − 𝑚2 

 

𝑋′′(𝑥) + 𝑘2𝑋(𝑥) = 0 

 

𝑌′′(𝑦) + 𝑙2𝑌(𝑦) = 0 

 

𝑍′′(𝑧) + 𝑚2𝑍(𝑧) = 0 

 

𝑋(𝑥) = 𝐴 sin(𝑘𝑥) 



 

sin(𝑘𝑎) = 0 → 𝑘𝑎 = 𝑛𝑥𝜋, 𝑘 =
𝑛𝑥𝜋

𝑎
∀𝑛𝑥 ∈ {1,2,⋯ } 

 

∫𝑋2(𝑥)𝑑𝑥
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0

= 𝐴2 ∫sin (
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𝑎
)
2

𝑑𝑥

𝑎

0

 

(𝑒𝑖𝑥)
2
= 𝑒2𝑖𝑥 = cos(2𝑥)+𝑖 sin(2𝑥) = (cos 𝑥 + 𝑖 sin𝑥)2 = (cos𝑥)2 + 𝑖2(sin 𝑥)2

+ 2𝑖 sin𝑥 cos 𝑥 

 

cos(2𝑥) = (cos 𝑥)2 − (sin 𝑥)2 = 1 − 2(sin𝑥)2 

 

(sin 𝑥)2 =
1

2
[1 − cos(2𝑥)] 

 

∫sin(
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)
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∙
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𝐴 = √
2

𝑎
 

 

Φ(𝑥, 𝑦, 𝑧) = √
8
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∞
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∞
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b. Cylindrical coordinates 

 

𝑥 =  𝜌 cos𝜙 

 

𝑦 = 𝜌 sin𝜙 

 

𝑧 = 𝑧 

 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 = (cos𝜙 𝑑𝜌 − 𝜌 sin𝜙 𝑑𝜙)2 + (sin𝜙𝑑𝜌 +  𝜌 cos𝜙 𝑑𝜙)2 + 𝑑𝑧2

= (cos𝜙)2𝑑𝜌2 + (sin𝜙)2𝑑𝜌2 − 2𝜌 sin𝜙 cos𝜙 𝑑𝜌𝑑𝜙 + 2𝜌 sin𝜙 cos𝜙 𝑑𝜌𝑑𝜙

+ 𝜌2[(cos𝜙)2 + (sin𝜙)2]𝑑𝜙2 + 𝑑𝑧2 = 𝑑𝜌2 + 𝜌2𝑑𝜙2 + 𝑑𝑧2 

 

ℎ𝜌 = ℎ𝑧 = 1, ℎ𝜙 = 𝜌 

 

∇2=
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∇2Φ(𝜌, 𝜙, 𝑧) = 0 

 

Φ(0,0,0) = Φ(𝑟, 2𝜋, ℎ) = 0 

 

Φ(𝜌, 𝜙, 𝑧) = 𝑅(𝜌)𝑄(𝜙)𝑍(𝑧) 

1

𝜌
∙
1

𝑅
∙
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∙
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∙
𝑑𝑄2
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𝑍
∙
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= −𝑘2 − 𝑙2 
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1

𝑄
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𝜌

𝑅
∙

𝑑

𝑑𝜌
(𝜌

𝑑𝑅

𝑑𝜌
) + 𝑘2𝜌2 − 𝑚2 = 0 

 

1

𝑄
∙
𝑑𝑄2

𝑑𝜙2
= 𝑚2 

 

𝜌2𝑅′′(𝜌) + 𝜌𝑅′(𝜌) + 𝑘2𝜌2𝑅(𝜌) − 𝑚2𝑅(𝜌) = 0, 𝑅(0) = 𝑅(𝑟) = 0 

 

𝑄′′(𝜙) − 𝑚2𝑄(𝜙) = 0, 𝑄(0) = 𝑄(2𝜋) = 0 

 

𝑍′′(𝑧) + 𝑙2𝑍(𝑧) = 0, 𝑍(0) = 𝑍(ℎ) = 0 

 

𝑅(𝜌) = ∑𝑎𝑗𝜌
𝛼+𝑗

∞

𝑗=0

 

 

𝑅′(𝜌) = ∑(𝛼 + 𝑗)𝑎𝑗𝜌
𝛼+𝑗−1

∞

𝑗=0

 

 

𝑅′′(𝜌) = ∑(𝛼 + 𝑗)(𝛼 + 𝑗 − 1)𝑎𝑗𝜌
𝛼+𝑗−2

∞

𝑗=0

 

 



∑(𝛼 + 𝑗)(𝛼 + 𝑗 − 1)𝑎𝑗𝜌
𝛼+𝑗

∞

𝑗=0

+ ∑(𝛼 + 𝑗)𝑎𝑗𝜌
𝛼+𝑗 + ∑𝑘2𝑎𝑗𝜌

𝛼+𝑗+2 −

∞

𝑗=0

∞

𝑗=0

∑𝑚2𝑎𝑗𝜌
𝛼+𝑗

∞

𝑗=0

= 0 

 

𝑎0[𝛼(𝛼 − 1) + 𝛼 − 𝑚2] = 𝑎0(𝛼
2 − 𝑚2) = 0 → 𝛼 = 𝑚 

 

𝑎1[(𝛼 + 1)(𝛼 + 1 − 1) + 𝛼 + 1 − 𝑚2] = 𝑎1(𝛼
2 + 2𝛼 + 1 − 𝑚2) = 𝑎1[(𝛼 + 1)2 − 𝑚2] = 0 

𝑎2[(𝛼 + 2)(𝛼 + 2 − 1) + (𝛼 + 2) − 𝑚2] + 𝑎0𝑘
2

= 𝑎2[𝛼
2 + 2𝛼 − 𝛼 + 2𝛼 + 4 − 2 + 𝛼 + 2 − 𝑚2] + 𝑎0𝑘

2

= 𝑎2[𝛼
2 + 4𝛼 + 4 − 𝑚2] + 𝑎0𝑘

2 = 𝑎2[(𝛼 + 2)2 − 𝑚2] + 𝑎0𝑘
2 = 0 

 

𝑎𝑗[(𝛼 + 𝑗)2 − 𝑚2] + 𝑎𝑗−2𝑘
2 = 0 

 

𝑎𝑗 = −
𝑘2

(𝑚 + 𝑗)2 − 𝑚2
𝑎𝑗−2 = −

𝑘2

𝑗(2𝑚 + 𝑗)
𝑎𝑗−2 

 

𝑎2 = −
𝑘2

2(2𝑚 + 2)
𝑎0 

 

𝑎4 = −
𝑘2

4(2𝑚 + 4)
𝑎2 =

𝑘4

2 ∙ 4 ∙ (2𝑚 + 2) ∙ (2𝑚 + 4)
𝑎0 

 

𝑎6 = −
𝑘2

6(2𝑚 + 6)
𝑎4 = −

𝑘6

2 ∙ 4 ∙ 6 ∙ (2𝑚 + 2) ∙ (2𝑚 + 4) ∙ (2𝑚 + 6)
𝑎0 

 

𝑎2𝑗 =
(−1)𝑗𝑘2𝑗

2 ∙ 4 ∙ 6⋯ (2𝑗) ∙ 2𝑗 ∙ (𝑚 + 1) ∙ (𝑚 + 2) ∙ (𝑚 + 3)⋯ (𝑚 + 𝑗)
𝑎0 

 

𝑎2𝑗 =
(−1)𝑗

𝑗! (𝑚 + 𝑗)!
∙ (

𝑘

2
)
2𝑗

 

 

𝑅(𝜌) = 𝐴∑
(−1)𝑗

𝑗! (𝑚 + 𝑗)!
∙ (

𝑘𝜌

2
)
2𝑗∞

𝑗=0

+ 𝐵𝑌𝑚(𝑘𝜌) = 𝐴𝐽𝑚(𝑘𝜌) + 𝐵𝑌𝑚(𝑘𝜌) 

 

𝑅(𝜌) = 𝐴𝐽𝑚(𝑘𝜌), 𝑅(0) = 0 → 𝑚 > 0, 𝑅(𝑟) = 𝐴𝐽𝑚(𝑘𝑟) = 0 → 𝐽𝑚(𝑘𝑟) = 0 

 

∫𝑅2(𝜌)𝜌𝑑𝜌 = 𝐴2 ∫𝐽𝑚
2 (𝑘𝜌)𝜌𝑑𝜌

𝑟

0

𝑟

0

= 1 

 

𝐴 = [∫ 𝐽𝑚
2 (𝑘𝜌)𝜌𝑑𝜌

𝑟

0

]

−1 2⁄

 

 



𝑄(𝜙) = 𝐶 cosh(𝑚𝜙) + 𝐷 sinh(𝑚𝜙) 

 

𝑄(0) = 𝐶 cosh(0) → 𝐶 = 0 

 

𝑄(2𝜋) = 𝐷 sinh(2𝜋𝑚) = 0 → 𝑚 = 0 

 

𝑍(𝑧) = 𝐸 sin(𝑙𝑧) 

𝑍(ℎ) = 𝐸 sin(𝑙ℎ) → 𝑙ℎ = 𝑛𝜋 → 𝑙 =
𝑛𝜋

ℎ
 

 

𝑍(𝑧) = √
2

ℎ
 sin (

𝑛𝜋𝑧

ℎ
) 

 

Φ(𝜌, 𝜙, 𝑧) = √
2

ℎ
∑ ∑ [∫𝐽𝑚

2 (𝑘𝜌)𝜌𝑑𝜌

𝑟

0

]

−1 2⁄

𝐽0(𝑘𝜌)sin (
𝑛𝜋𝑧

ℎ
)

∞

𝑛=1

∞

𝑘=0

 

 

c. Spherical polar coordinates 

 

𝑟 = √𝑥2 + 𝑦2 + 𝑧2 

𝑥 = 𝑟 sin𝜗 cos𝜑 

𝑦 =  sin 𝜗 sin𝜑 

𝑧 = 𝑟 cos 𝜗 

𝑑𝑥 = sin𝜗 cos𝜑 𝑑𝑟 + 𝑟 cos 𝜗 cos𝜑 𝑑𝜗 −𝑟 sin𝜗 sin𝜑 𝑑𝜑 

𝑑𝑦 = sin𝜗 sin𝜑 𝑑𝑟 + 𝑟 cos 𝜗 sin𝜑𝑑𝜗 +𝑟 sin 𝜗 cos𝜑 𝑑𝜑 

𝑑𝑧 = cos𝜗 𝑑𝑟 − 𝑟 sin 𝜗 𝑑𝜗 

(𝑑𝑥)2 = (sin𝜗)2(cos𝜑)2(𝑑𝑟)2 + 𝑟2(cos𝜗)2(cos𝜑)2(𝑑𝜗)2 + 𝑟2(sin𝜗)2(sin𝜑)2(𝑑𝜑)2

+ 2𝑟 sin𝜗 cos 𝜗(cos𝜑)2𝑑𝑟𝑑𝜗 − 2𝑟(sin𝜗)2 cos𝜑 sin𝜑 𝑑𝑟𝑑𝜑

− 2𝑟2 cos𝜗 sin 𝜗 cos𝜑 sin𝜑𝑑𝜗𝑑𝜑 

(𝑑𝑦)2 = (sin𝜗)2(sin𝜑)2(𝑑𝑟)2 + 𝑟2(cos 𝜗)2(sin𝜑)2(𝑑𝜗)2 + 𝑟2(sin𝜗)2(cos𝜑)2(𝑑𝜑)2

+ 2𝑟 sin 𝜗 cos𝜗(sin𝜑)2𝑑𝑟𝑑𝜗 + 2𝑟(sin 𝜗)2 cos𝜑 sin𝜑 𝑑𝑟𝑑𝜑

+ 2𝑟2 cos 𝜗 sin𝜗 cos𝜑 sin𝜑𝑑𝜗𝑑𝜑 

(𝑑𝑧)2 = (cos𝜗)2(𝑑𝑟)2 + 𝑟2(sin𝜗)2(𝑑𝜗)2 − 2𝑟 cos 𝜗 sin𝜗 𝑑𝑟𝑑𝜗 

(𝑑𝑠)2 = (𝑑𝑥)2 + (𝑑𝑦)2 + (𝑑𝑧)2

= (sin𝜗)2[(cos𝜑)2 + (sin𝜑)2](𝑑𝑟)2 + (cos𝜗)2(𝑑𝑟)2

+ 𝑟2(cos 𝜗)2[(cos𝜑)2 + (sin𝜑)2](𝑑𝜗)2 + 𝑟2(sin 𝜗)2(𝑑𝜗)2

+ 𝑟2(sin𝜗)2[(sin𝜑)2 + (cos𝜑)2](𝑑𝜑)2 = (𝑑𝑟)2 + 𝑟2(𝑑𝜗)2 + 𝑟2(sin𝜗)2(𝑑𝜑)2 



ℎ𝑟 = 1, ℎ𝜗 = 𝑟, ℎ𝜑 = 𝑟 sin𝜗 

∇2=
1

ℎ𝑟ℎ𝜗ℎ𝜑
[
𝜕

𝜕𝑟
(
ℎ𝜗ℎ𝜑

ℎ𝑟

𝜕

𝜕𝑟
) +

𝜕

𝜕𝜗
(
ℎ𝑟ℎ𝜑

ℎ𝜗

𝜕

𝜕𝜗
) +

𝜕

𝜕𝜑
(
ℎ𝑟ℎ𝜗

ℎ𝜑

𝜕

𝜕𝜑
)]

=
1

𝑟2 sin 𝜗
[
𝜕

𝜕𝑟
(𝑟2 sin 𝜗

𝜕

𝜕𝑟
) +

𝜕

𝜕𝜗
(
𝑟 sin𝜗

𝑟

𝜕

𝜕𝜗
) +

𝜕

𝜕𝜑
(

𝑟

𝑟 sin𝜗

𝜕

𝜕𝜑
)]

=
1

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕

𝜕𝑟
) +

1

𝑟2 sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕

𝜕𝜗
) +

1

𝑟2(sin𝜗)2
𝜕2

𝜕𝜑2
 

∇2Φ(𝑟, 𝜗, 𝜑) = 0 

Φ(𝑟, 𝜗, 𝜑) = 𝑅(𝑟)𝑆(𝜗, 𝜑) 

Φ(0,−𝜋, 0) = Φ(𝑎, 𝜋, 2𝜋) = 0, 𝑅(0) = 𝑅(𝑎) = 0, 𝑆(−𝜋, 0) = S(𝜋, 2𝜋) = 0 

1

𝑅𝑟2

𝑑

𝑑𝑟
(𝑟2

𝑑𝑅

𝑑𝑟
) +

1

𝑆𝑟2 sin𝜗

𝜕

𝜕𝜗
(sin 𝜗

𝜕𝑆

𝜕𝜗
) +

1

𝑆𝑟2(sin𝜗)2
𝜕2𝑆

𝜕𝜑2
= 0 

1

𝑅

𝑑

𝑑𝑟
(𝑟2

𝑑𝑅

𝑑𝑟
) = −

1

𝑆 sin𝜗

𝜕

𝜕𝜗
(sin𝜗

𝜕𝑆

𝜕𝜗
) −

1

𝑆(sin𝜗)2
𝜕2𝑆

𝜕𝜑2
= 𝑘2 

𝑟2𝑅′′(𝑟) + 2𝑟𝑅′(𝑟) − 𝑘2𝑅(𝑟) = 0 

sin𝜗
𝜕

𝜕𝜗
(sin 𝜗

𝜕𝑆

𝜕𝜗
) +

𝜕2𝑆

𝜕𝜑2
+ 𝑘2(sin𝜗)2𝑆 = 0 

𝑆(𝜗, 𝜑) = 𝑇(𝜗)𝑈(𝜑) 

sin𝜗

𝑇

𝑑

𝑑𝜗
(sin𝜗

𝑑𝑇

𝑑𝜗
) +

1

𝑈

𝑑2𝑈

𝑑𝜑2
+ 𝑘2(sin 𝜗)2 = 0 

sin𝜗

𝑇

𝑑

𝑑𝜗
(sin𝜗

𝑑𝑇

𝑑𝜗
) + 𝑘2(sin𝜗)2 = −

1

𝑈

𝑑2𝑈

𝑑𝜑2
= 𝑚2 

sin𝜗
𝑑

𝑑𝜗
(sin 𝜗

𝑑𝑇

𝑑𝜗
) + 𝑘2(sin 𝜗)2𝑇 − 𝑚2𝑇 = 0 

𝑈′′(𝜑) + 𝑚2𝑈(𝜑) = 0 

𝑘2 = 𝑙(𝑙 + 1) 

1

sin 𝜗

𝑑

𝑑𝜗
(sin𝜗

𝑑𝑇

𝑑𝜗
) + 𝑙(𝑙 + 1)𝑇 −

𝑚2

(sin 𝜗)2
𝑇 = 0 

𝑥 = cos𝜗, 𝑦(𝑥) = 𝑇(𝜗) 

𝜗 = cos−1 𝑥 

𝑑𝑇

𝑑𝜗
=

𝑑𝑥

𝑑𝜗

𝑑𝑇

𝑑𝑥
= −sin𝜗

𝑑𝑇

𝑑𝑥
 

𝑑2𝑇

𝑑𝜗2
= (

𝑑𝑥

𝑑𝜗
)
2 𝑑2𝑇

𝑑𝑥2
+ 2

𝑑2𝑇

𝑑𝜗2

𝑑𝑇

𝑑𝑥
= (sin𝜗)2

𝑑2𝑇

𝑑𝑥2
− 2cos𝑥

𝑑𝑇

𝑑𝑥
= (1 − 𝑥2)

𝑑2𝑇

𝑑𝑥2
− 2𝑥

𝑑𝑇

𝑑𝑥
 



(1 − 𝑥2)𝑦′′(𝑥) − 2𝑥𝑦′(𝑥) + [𝑙(𝑙 + 1) −
𝑚2

1 − 𝑥2
] 𝑦(𝑥) = 0 

𝑑

𝑑𝑥
[(1 − 𝑥2)

𝑑𝑦

𝑑𝑥
] + [𝑙(𝑙 + 1) −

𝑚2

1 − 𝑥2
] 𝑦(𝑥) = 0 

𝑦(𝑥) = 𝑃𝑙
𝑚(𝑥) 

𝑃𝑙
𝑚(𝑥) =

(−1)𝑚

2𝑙𝑙!
(1 − 𝑥2)𝑚 2⁄ 𝑑𝑙+𝑚

𝑑𝑥𝑙+𝑚
(𝑥2 − 1)𝑙 =

(−1)𝑚

2𝑙𝑙!
(1 − 𝑥2)𝑚 2⁄ 𝑑𝑙+𝑚

𝑑𝑥𝑙+𝑚
∑ (

𝑙
𝑛
)𝑥2𝑙(−1)𝑙−𝑛

𝑙

𝑛=0

 

𝑈(𝜑) = 𝐵 sin(𝑚𝜑) 

𝐴 sin(2𝜋𝑚) = 0 →𝑚 ∈ {1,2,⋯ } 

𝑅(𝑟) = √
𝜋

2r
𝐽𝑙+1 2⁄ (𝑟) 

Φ(𝑟, 𝜗, 𝜑) = 𝐴𝑙,𝑚√
𝜋

2r
∑ ∑ 𝐽𝑙+1 2⁄ (𝑟)

∞

𝑚=1

∞

𝑙=0

𝑃𝑙
𝑚(cos 𝜗) sin(𝑚𝜑) 

d. Parabolic cylindrical coordinates 

𝑥 = 𝜉2 − 𝜂2 

𝑦 = 2𝜉𝜂 

𝑧 = 𝑧 

𝑑𝑥 = 2(𝜉𝑑𝜉 − 𝜂𝑑𝜂) 

𝑑𝑦 = 2(𝜂𝑑𝜉 + 𝜉𝑑𝜂) 

𝑑𝑧 = 𝑑𝑧 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 = 4𝜉2𝑑𝜉2 + 4𝜂2𝑑𝜂2 − 8𝜉𝜂𝑑𝜉𝑑𝜂 + 4𝜂2𝑑𝜉2 + 4𝜉2𝑑𝜂2 + 8𝜉𝜂𝑑𝜉𝑑𝜂 + 𝑑𝑧2

= 4(𝜉2 + 𝜂2)(𝑑𝜉2 + 𝑑𝜂2) + 𝑑𝑧2 

𝑑𝑠2 = 𝑔𝜉𝜉𝑑𝜉2 + 𝑔𝜂𝜂𝑑𝜂2 + 𝑔𝑧𝑧𝑑𝑧2 

ℎ𝜉 = ℎ𝜂 = 2√𝜉2 + 𝜂2, ℎ𝑧 = 1 

∇2=
1

ℎ𝜉ℎ𝜂ℎ𝑧
[
𝜕

𝜕𝜉
(
ℎ𝜂ℎ𝑧

ℎ𝜉

𝜕

𝜕𝜉
) +

𝜕

𝜕𝜂
(
ℎ𝜉ℎ𝑧

ℎ𝜂

𝜕

𝜕𝜂
) +

𝜕

𝜕𝑧
(
ℎ𝜉ℎ𝜂

ℎ𝑧

𝜕

𝜕𝑧
)]

=
1

4
(

1

𝜉2 + 𝜂2
) [

𝜕2

𝜕𝜉2
+

𝜕2

𝜕𝜂2
+ 4(𝜉2 + 𝜂2)

𝜕2

𝜕𝑧2
] =

1

4
(

1

𝜉2 + 𝜂2
)(

𝜕2

𝜕𝜉2
+

𝜕2

𝜕𝜂2) +
𝜕2

𝜕𝑧2
 

∇2Φ(𝑥, 𝑦, 𝑧) = 0 

Φ(𝜉, 𝜂, 𝑧) = 𝑄(𝑥, 𝑦)𝑍(𝑧) 



1

4
(

1

𝜉2 + 𝜂2
)
1

𝑄
(
𝜕2𝑄

𝜕𝜉2
+

𝜕2𝑄

𝜕𝜂2) +
1

𝑍

𝑑2𝑍

𝑑𝑧2
= −𝑘2 

1

4
(

1

𝜉2 + 𝜂2
)
1

𝑄
(
𝜕2𝑄

𝜕𝜉2
+

𝜕2𝑄

𝜕𝜂2) + 𝑘2 = 0 

1

𝑍

𝑑2𝑍

𝑑𝑧2
+ 𝑘2 = 0 

(
1

𝜉2 + 𝜂2
)(

𝜕2𝑄

𝜕𝜉2
+

𝜕2𝑄

𝜕𝜂2) + 4𝑘2𝑄 = 0 

𝑍′′(𝑧) + 𝑘2𝑍(𝑧) = 0 

𝑍(𝑧) = 𝐴 sin(𝑘𝑧) 

𝜉 = 𝜌 cos 𝜁 

𝜂 = 𝜌 sin 𝜁 

𝜌2 = 𝜉2 + 𝜂2 

𝜌 = √𝜉2 + 𝜂2 

𝜁 = tan−1 (
𝜂

𝜉
) 

𝑑𝜉 = cos 𝜁 𝑑𝜌 − 𝜌 sin 𝜁 𝑑𝜁 

𝑑𝜂 =  sin 𝜁 𝑑𝜌 + 𝜌 cos 𝜁 𝑑𝜁 

𝑑𝜉2 = (cos 𝜁)2𝑑𝜌2 + 𝜌2(sin 𝜁)2𝑑𝜁2 

𝑑𝜂2 = (sin 𝜁)2𝑑𝜌2 + 𝜌2(cos 𝜁)2𝑑𝜁2 

𝑑𝑠2 = 𝑑𝜉2 + 𝑑𝜂2 = 𝑑𝜌2 + 𝜌2𝑑𝜁2 

𝑔𝜌𝜌 = 1, 𝑔𝜁𝜁 = 𝜌2 

∇2=
1

√|𝑔|

𝜕

𝜕𝛼𝑖
(√|𝑔|𝑔𝑖𝑗

𝜕

𝜕𝛼𝑗
) 

|𝑔| = |
1 0
0 𝜌2| = 𝜌2 

∇2=
1

𝜌

𝜕

𝜕𝜌
(𝜌

𝜕

𝜕𝜌
) +

1

𝜌

𝜕

𝜕𝜁
(
𝜌

𝜌2

𝜕

𝜕𝜁
) =

1

𝜌

𝜕

𝜕𝜌
(𝜌

𝜕

𝜕𝜌
) +

1

𝜌2

𝜕2

𝜕𝜁2
 

1

𝜌2
∇2𝑄(𝜌, 𝜁) + 4𝑘2𝑄(𝜌, 𝜁) = 0 

𝑄(𝜌, 𝜁) = 𝑅(𝜌)𝑆(𝜁) 

1

𝜌3𝑅

𝑑

𝑑𝜌
(𝜌

𝑑𝑅

𝑑𝜌
) +

1

𝜌4𝑆

𝑑2𝑆

𝑑𝜁2
+ 4𝑘2 = 0 



𝜌
𝑑

𝑑𝜌
(𝜌

𝑑𝑅

𝑑𝜌
) + 4𝑘2𝜌4 = −

1

𝑆

𝑑2𝑆

𝑑𝜁2
= 𝑙2 

𝜌2𝑅′′(𝜌) + 𝜌𝑅′(𝜌) + (4𝑘2𝜌4 − 𝑙2)𝑅(𝜌) = 0 

𝑆′′(𝜁) + 𝑙2𝑆(𝜁) = 0 

𝑆 = 𝐵 sin(𝑙𝜁) 

𝑅(𝜌) = ∑𝑎𝑗𝜌
𝛼+𝑗

∞

𝑗=0

 

 

𝑅′(𝜌) = ∑(𝛼 + 𝑗)𝑎𝑗𝜌
𝛼+𝑗−1

∞

𝑗=0

 

 

𝑅′′(𝜌) = ∑(𝛼 + 𝑗)(𝛼 + 𝑗 − 1)𝑎𝑗𝜌
𝛼+𝑗−2

∞

𝑗=0

 

∑(𝛼 + 𝑗)(𝛼 + 𝑗 − 1)𝑎𝑗𝜌
𝛼+𝑗

∞

𝑗=0

+ ∑(𝛼 + 𝑗)𝑎𝑗𝜌
𝛼+𝑗 + ∑4𝑘2𝑎𝑗𝜌

𝛼+𝑗+4 −

∞

𝑗=0

∞

𝑗=0

∑𝑙2𝑎𝑗𝜌
𝛼+𝑗

∞

𝑗=0

= 0 

 

𝑎0[𝛼(𝛼 − 1) + 𝛼 − 𝑙2] = 𝑎0(𝛼
2 − 𝑙2) = 0 → 𝛼 = 𝑙 

[𝑙(𝑙 + 1) + (𝑙 + 1) − 𝑙2]𝑎1 = (𝑙2 + 2𝑙 + 1 − 𝑙2)𝑎1 = 0 → 𝑎1 = 0 

[(𝑙 + 1)(𝑙 + 2) + (𝑙 + 2) − 𝑙2]𝑎2 = 0 → 𝑎2 = 0 

[(𝑙 + 2)(𝑙 + 3) + (𝑙 + 3) − 𝑙2]𝑎3 = 0 → 𝑎3 = 0 

[(𝑙 + 3)(𝑙 + 4) + (𝑙 + 4) − 𝑙2]𝑎4 + 4𝑘2𝑎0 = (8𝑙 + 16)𝑎4 + 4𝑘2𝑎0 = 0 

𝑎4 = −
𝑘2

2𝑙 + 4
𝑎0 

[(𝑙 + 7)(𝑙 + 8) + (𝑙 + 8) − 𝑙2]𝑎8 + 4𝑘2𝑎4 = (16𝑙 + 64)𝑎8 + 4𝑘2𝑎4 = 0 

𝑎8 = −
𝑘2

4𝑙 + 16
𝑎4 =

𝑘4

(2𝑙 + 4)(4𝑙 + 16)
𝑎0 

[(𝑙 + 11)(𝑙 + 12) + (𝑙 + 12) − 𝑙2]𝑎12 + 4𝑘2𝑎8 = (24𝑙 + 144)𝑎8 + 4𝑘2𝑎4 = 0 

𝑎12 = −
𝑘2

6𝑙 + 36
𝑎8 = −

𝑘6

(2𝑙 + 4)(4𝑙 + 16)(6𝑙 + 36)
𝑎0 = −

𝑘6

2 ∙ 4 ∙ 6 ∙ (𝑙 + 2)(𝑙 + 4)(𝑙 + 6)
𝑎0 

𝑎4𝑗 =
(−1)𝑗𝑘𝑗

2 ∙ 4 ∙ 6⋯ 𝑗 ∙ (𝑙 + 2)(𝑙 + 4)(𝑙 + 6)⋯(𝑙 + 𝑗)
𝑎0 =

(−1)𝑗𝑘𝑗

𝑗‼ (𝑙 + 𝑗)‼
𝑎0 



𝑅(𝜌) = ∑
(−1)𝑗𝑘𝑗

𝑗‼ (𝑙 + 𝑗)‼
𝜌4𝑗

∞

𝑗=0

 

𝑄(𝜌, 𝜁) = 𝐴𝑗𝑙 ∑∑
(−1)𝑗𝑘𝑗

𝑗‼ (𝑙 + 𝑗)‼
𝜌4𝑗

∞

𝑙=1

sin(𝑙𝜁)

∞

𝑗=0

 


