The Laplace Equation in Various
Orthogonal Curvilinear Coordinate Systems
James Pate Williams, Jr. BA, BS, MSwE, PhD

Solve the Laplace equation in the following orthogonal curvilinear coordinate systems:

Cartesian coordinates
Cylindrical coordinates
Spherical polar coordinates
Parabolic cylindrical coordinates
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The Laplacian operator in orthogonal curvilinear coordinates is defined by the equation:
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The line element is defined in terms of the metric tensor and scale factors as:

ds? = gppdu™du™

a. Cartesian coordinates
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The potential equation is given by:
Vid(x,y,z) =0
®(0,0,0) = ®(a,b,c) =0
P(x,y,2) = X()Y(¥)Z(2)
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X"(x) +k*X(x) =0
Y +PY(y) =0
Z"(z) +m?Z(z) =0

X(x) = Asin(kx)
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+ 2isinx cosx

cos(2x) = (cosx)? — (sinx)? = 1 — 2(sinx)?

(sinx)? = =[1 — cos(2x)]
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b. Cylindrical coordinates

X = pcos¢
y=psing
z=2z

ds? = dx? + dy? + dz? = (cos¢p dp — psinp dgp)? + (singpdp + p cos ¢p d¢p)? + dz?
= (cos ¢)?dp? + (sin¢)2dp? — 2p sin ¢ cos ¢ dpde + 2p sin ¢ cos ¢ dpdep
+ p?[(cos p)? + (sin p)?|d¢p? + dz? = dp? + p?dp? + dz?
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V2®(p,¢,2) =0
®(0,0,0) = ®(r, 21, k) = 0
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p*R"(p) + pR'(p) + k*p*R(p) — m*R(p) = 0,R(0) =R() =0
Q"(¢) —m?Q(¢) = 0,Q(0) = Q(2m) =0

7"(2)+1%2Z2(2) =0,Z(0) = Z(h) = 0
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Z(a +)(a+j—Da;p* + Z(a +ap*t + Z kZa;p*ti*? _Z m2a;p** = 0
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apla(a—1) +a-m?]l=ay(@a®?—m?)=0->a=m
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R(p) = Aln(kp),R(0) = 0 > m > 0,R(r) = Afin(kr) = 0 = Jp(kr) = 0
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Q(¢) = C cosh(m¢@) + D sinh(mg)
Q(0)=Ccosh(0)»C=0
Q(2m) = Dsinh(2mrm)=0->m =0

Z(z) = E sin(lz)
Z(h) = Esin(lh) - lh = nir — 1 = "T”

Z(z) = \/% sin (%)
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c. Spherical polar coordinates
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x = rsind cos ¢
y = sindsing
zZ =71cosv
dx =sindcos@dr +rcosvcospdl —rsindsinpde
dy = sin9sing@ dr 4+ r cosd sin pdd +rsind cos @ do
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(dx)? = (sin¥)?(cos ¢)?(dr)? + r?(cos9)?(cos ¢)?(d9)? + r2(sin¥)?(sin )?(de)?
+ 27 sin® cos 9(cos @)?drdd — 2r(sin9¥)? cos ¢ sin ¢ drdg
— 212 cos 9 sin ¥ cos ¢ sin pdYde

(dy)? = (sin9)?(sin ¢)2(dr)? + r?(cos 9)?(sin ¢)?(d9)? + r2(sin9)?(cos ¢)?(d¢)?
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(dz)? = (cos9)?(dr)? + r?(sin9)?(d9)? — 2r cos I sin 9 drd?d
(ds)? = (dx)* + (dy)* + (dz)*
= (sin9)?[(cos ¢)? + (sin )?](dr)? + (cosV)?(dr)?

+ 1r2(cos9)?[(cos ¢)? + (sin 9)?](d¥)? + r?(sin ¥)?(dV)?
+ r2(sin9)?[(sin @)? + (cos )?](dp)? = (dr)? + r2(d9)? + r?(sin9)?(dp)?
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(1= x*)y"(x) = 2xy'(x) + [l(l tD-7= xz]Y(X) =0
d1 2dy+ll+1 i x)=0
y(x) = P["(x)
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d. Parabolic cylindrical coordinates
x = 3;2 _ nZ
y =241
z=12z

dx = 2(&d& —ndn)
dy = 2(nd¢§ + &dn)
dz = dz

ds? = dx? + dy? + dz? = 482d&? + 4n?dn? — 8&nd&dn + 4n?dé? + 4&2dn? + 8&ndédn + dz?
= 4(&2 + n?)(d&? + dn?) + dz?
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7"(2)+k*Z(2) = 0
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