
The Schrödinger Equation for the 
Hydrogen-Like Atom 
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𝑟 = √𝑥2 + 𝑦2 + 𝑧2 

𝑥 = 𝑟 sin 𝜗 cos 𝜑 

𝑦 =  sin 𝜗 sin 𝜑 

𝑧 = 𝑟 cos 𝜗 

𝑑𝑥 = sin 𝜗 cos 𝜑 𝑑𝑟 + 𝑟 cos 𝜗 cos 𝜑 𝑑𝜗 − 𝑟 sin 𝜗 sin 𝜑 𝑑𝜑 

𝑑𝑦 = sin 𝜗 sin 𝜑 𝑑𝑟 + 𝑟 cos 𝜗 sin 𝜑𝑑𝜗 + 𝑟 sin 𝜗 cos 𝜑 𝑑𝜑 

𝑑𝑧 = cos 𝜗 𝑑𝑟 − 𝑟 sin 𝜗 𝑑𝜗 

(𝑑𝑥)2 = (sin 𝜗)2(cos 𝜑)2(𝑑𝑟)2 + 𝑟2(cos 𝜗)2(cos 𝜑)2(𝑑𝜗)2 + 𝑟2(sin 𝜗)2(sin 𝜑)2(𝑑𝜑)2

+ 2𝑟 sin 𝜗 cos 𝜗(cos 𝜑)2𝑑𝑟𝑑𝜗 − 2𝑟(sin 𝜗)2 cos 𝜑 sin 𝜑 𝑑𝑟𝑑𝜑

− 2𝑟2 cos 𝜗 sin 𝜗 cos 𝜑 sin 𝜑𝑑𝜗𝑑𝜑 

(𝑑𝑦)2 = (sin 𝜗)2(sin 𝜑)2(𝑑𝑟)2 + 𝑟2(cos 𝜗)2(sin 𝜑)2(𝑑𝜗)2 + 𝑟2(sin 𝜗)2(cos 𝜑)2(𝑑𝜑)2

+ 2𝑟 sin 𝜗 cos 𝜗(sin 𝜑)2𝑑𝑟𝑑𝜗 + 2𝑟(sin 𝜗)2 cos 𝜑 sin 𝜑 𝑑𝑟𝑑𝜑

+ 2𝑟2 cos 𝜗 sin 𝜗 cos 𝜑 sin 𝜑𝑑𝜗𝑑𝜑 

(𝑑𝑧)2 = (cos 𝜗)2(𝑑𝑟)2 + 𝑟2(sin 𝜗)2(𝑑𝜗)2 − 2𝑟 cos 𝜗 sin 𝜗 𝑑𝑟𝑑𝜗 

(𝑑𝑠)2 = (𝑑𝑥)2 + (𝑑𝑦)2 + (𝑑𝑧)2

= (sin 𝜗)2[(cos 𝜑)2 + (sin 𝜑)2](𝑑𝑟)2 + (cos 𝜗)2(𝑑𝑟)2

+ 𝑟2(cos 𝜗)2[(cos 𝜑)2 + (sin 𝜑)2](𝑑𝜗)2 + 𝑟2(sin 𝜗)2(𝑑𝜗)2

+ 𝑟2(sin 𝜗)2[(sin 𝜑)2 + (cos 𝜑)2](𝑑𝜑)2 = (𝑑𝑟)2 + 𝑟2(𝑑𝜗)2 + 𝑟2(sin 𝜗)2(𝑑𝜑)2 

ℎ𝑟 = 1, ℎ𝜗 = 𝑟, ℎ𝜑 = 𝑟 sin 𝜗 
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𝑚 = 𝜈 

Φ(𝜑) = 𝐴𝑒𝑖𝑚𝜑 + 𝐵𝑒−𝑖𝑚𝜑, 𝑚 ≠ 0 
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Φ𝑚(𝜑) =
1

√2𝜋
𝑒𝑖𝑚𝜑 

1

sin 𝜗

𝑑

𝑑𝜗
(sin 𝜗

dΘ

𝑑𝜗
) + 𝜆2Θ −

𝑚2Θ

(sin 𝜗)2
= 0 

𝑥 = cos 𝜗 

dΘ

𝑑𝜗
=

𝑑𝑥

𝑑𝜗

dΘ

𝑑𝑥
= − sin 𝜗

dΘ

𝑑𝑥
 

d

𝑑𝜗
=

𝑑𝑥

𝑑𝜗

d

𝑑𝑥
= − sin 𝜗

d

𝑑𝑥
 

d

𝑑𝑥
[(1 − 𝑥2)

dΘ

𝑑𝑥
] + [𝜆2 −

𝑚2

(1 − 𝑥2)
] Θ = 0 

𝑌𝑙𝑚(𝜗, 𝜑) = 𝑁𝑙𝑚𝑃𝑙
𝑚(cos 𝜗)Φ𝑚(𝜑) = 𝜖√
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𝜖 = (−1)𝑚∀𝑚 > 0, 𝜖 = 1∀𝑚 ≤ 0 
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𝑅(𝜌) = 𝑒−𝑎𝜌𝐹(𝜌) 

𝑑𝑅

𝑑𝜌
= 𝑒−𝑎𝜌𝐹′(𝜌) − 𝑎𝑒−𝑎𝜌𝐹(𝜌) 

𝑑2𝑅

𝑑𝜌2
= 𝑒−𝑎𝜌𝐹′′(𝜌) − 2𝑎𝑒−𝑎𝜌𝐹′(𝜌) + 𝑎2𝑒−𝑎𝜌𝐹(𝜌) 
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𝑒−𝑎𝜌𝐹′′(𝜌) − 2𝑎𝑒−𝑎𝜌𝐹′(𝜌) + 𝑎2𝑒−𝑎𝜌𝐹(𝜌) +
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4
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𝐹′′(𝜌) − 2𝑎𝐹′(𝜌) + 𝑎2𝐹(𝜌) +
2

𝜌
𝐹′(𝜌) −

2

𝜌
𝑎𝐹(𝜌) + (

𝛽

𝜌
−

𝜆2

𝜌2) 𝐹(𝜌) = 0 

𝐹′′(𝜌) + (
2

𝜌
− 1) 𝐹′(𝜌) + (

𝛽

𝜌
−

𝜆2

𝜌2) 𝐹(𝜌) = 0, 𝑎 = 1/2 

𝐹(𝜌) = 𝜌𝑠𝐿(𝜌) 



𝐹′(𝜌) = 𝜌𝑠𝐿′(𝜌) + 𝑠𝜌𝑠−1𝐿(𝜌) 

𝐹′′(𝜌) = 𝜌𝑠𝐿′′(𝜌) + 2𝑠𝜌𝑠−1𝐿′(𝜌) + 𝑠(𝑠 − 1)𝜌𝑠−2𝐿(𝜌) 

𝜌𝑠𝐿′′(𝜌) + 2𝑠𝜌𝑠−1𝐿′(𝜌) + 𝑠(𝑠 − 1)𝜌𝑠−2𝐿(𝜌) + (
2

𝜌
− 1) [𝜌𝑠𝐿′(𝜌) + 𝑠𝜌𝑠−1𝐿(𝜌)] + (

𝛽

𝜌
−

𝜆2

𝜌2) 𝜌𝑠𝐿(𝜌)

= 0 

𝜌2𝐿′′ + 2𝑠𝜌𝐿′ + 𝑠(𝑠 − 1)𝐿 + (2𝜌 − 𝜌2)(𝐿′ + 𝑠𝜌𝐿) + (𝛽𝜌 − 𝜆2)𝐿 = 0 

𝜌2𝐿′′ + 𝜌[2(𝑠 + 1) − 𝜌]𝐿′ + [𝜌(𝛽 − 𝑠 − 1) + 𝑠(𝑠 + 1) − 𝜆2]𝐿 = 0 

𝜌 = 0 → 𝑠(𝑠 + 1) − 𝜆2 = 0 

𝜆2 = 𝑙(𝑙 + 1) 

𝑠 = 𝑙, 𝑠 = −(𝑙 + 1) 

𝜌2𝐿′′ + 𝜌[2(𝑙 + 1) − 𝜌]𝐿′ + [𝜌(𝛽 − 𝑙 − 1) + 𝑙(𝑙 + 1) − 𝑙(𝑙 + 1)]𝐿 = 0 

𝜌𝐿′′ + [2(𝑙 + 1) − 𝜌]𝐿′ + (𝛽 − 𝑙 − 1)𝐿 = 0 

𝐿(𝜌) = ∑ 𝑎𝑘𝜌𝑘

∞

𝑘=0

 

𝑘(𝑘 − 1)𝑎𝑘𝜌𝑘−1 + 2(𝑙 + 1)𝑘𝑎𝑘𝜌𝑘−1 − 𝑘𝑎𝑘𝜌𝑘 + (𝛽 − 𝑙 − 1)𝑎𝑘𝜌𝑘 = 0 

𝑘(𝑘 + 1)𝑎𝑘+1𝜌𝑘 + 2(𝑙 + 1)(𝑘 + 1)𝑎𝑘+1𝜌𝑘 + (𝛽 − 𝑙 − 1 − 𝑘)𝑎𝑘𝜌𝑘 = 0 

𝑎𝑘+1 =
𝑘 + 𝑙 + 1 − 𝛽

(𝑘 + 1)(𝑘 + 2𝑙 + 2)
𝑎𝑘  

 


