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Solution of the Time Independent Schrodinger Equation of a Particle in a Finite Rectangular
Prism Potential Energy Well

For the one-dimensional case see:

Rectangular potential barrier - Wikipedia

Suppose the dimensions of the potential energy well are length(L), width(W), and
height(H). The length of the well varies between 0 and L. The width of the well is from 0 to
W. Finally, the height of the well varies between 0 and H.

The Schrodinger Equation is shown below:

2

VY + Vi = By

 8n?m
The potential energy is V, E is the total energy, and the Laplacian operatoris:

92 92 9?
a2 T ay2 T o2

V3=

The potential energy is given by the equations:
V=0x<0,y<0,z<0
V=VVvVo<x<LO0O<y<W,0<z<H
V=0vx>Ly>W,Z>H

Our space is divided into three regions. We call the regions left, center, and right. First, we
investigate the central region with nonzero potential energy. After minor rearrangements of
the equation, we have:

X 8mim 8m?m
VYe —TVIIJC +TE¢C =0

The wave function is separable in Cartesian coordinates:
lpC(xr Y Z) = XC(x)YC(y)ZC(Z)vx € [O, L],y € [O' W]'Z € [OH]
Substituting the separated wave functions and division by the wave function, we obtain:

1 62XC+ 1 OZYC_l_ 10%Z, 8n2mV +87r2mE “o
Xc 0x2 Y, dy?  Z, 022 2 % p2 T

Introducing the eigenvalues:


https://en.wikipedia.org/wiki/Rectangular_potential_barrier
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1 aZXC 1 aZYC 1 aZZC 87T2m 87T2m

— — — _ Vv EF=_—(q?+ g%+ 2
Xo 0x? +Ycay2+ZC 0z2 h? ot h? @+ 5" +79)

1 9%X, 8n2mV +8n2mE+ 20
Xc 0x2 Kz 07 T p2 @ =

1 02%Y,

— 2=-90
Y, 0y? +h

1 0%Z,

_ 2-0
ZC aZZ 14

Multiplying through with the separated wave functions yields:

d’X, 8m’m 8m?m 5
dxz _TVOXC +7EXC +a Xc =0
d%y,
ozt B*Y =0
dz.
4 y2Z =0
dz? ty

Rearranging the X wave function:

d’X. [8m*m
+

dxz h2 (E - Vo) + az XC = 0

The wave functions are:
Xo(x) = Agpetkex® 4 B e~ thexx
Ye(y) = Acye'®rY + By e~tkeyy
Z:(2) = Ag etkcz? 4 B e~ tkCzz

Where:

8m?m 5

kex = 12 (E—=Vo) + acy

The Y wave function is of a similar form to the X wavefunction but with simpler eigenvalues:
kCy = ﬁ(:y

Likewise for the Z equation:

kCZ =Ycz
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To determine the various constants including the eigenvalues we need to solve the
equation for zero potential energy namely in the left and right spatial regions.

X, (x) = A etk + B, e HixXyx < 0
Y, (y) = Ay e ¥ + B e yYvy < 0
Z,(z) = A ez + B, e~ Lz2yz <
Using the well-known Euler’s identity:
e = cosx + isinx

X, (x) = Cppcoskpx +iCrysink;,x + Dy, coskp,x —iDp, sink;,x
= (Cpyx + Dyy) coskpyx + i (Cpry — Dpy) sink;,.x

Y, (x) = Ey cosk,y + i Epy, sink;,y + Fpy cosk,,y —iF, sink;,y
= (ELy + FLy) cos kLyy +i (ELy — FLy) sin kLyy

Z;(x) =Gy cosk;,z+iH;,sink;,z+ G;,cosk;,z—iH;,sink;,z
= (G, + H;)cosk;,z+ i (G, —Hy,)sink;,z

dX; , .
dx —kpx(Crx + Diy) sinkpyx + ik (Cpx — Dpy) cos kpyx
dy;, , .
E = _kLy(ELy + FLy) Sin kay + lkLy(CLy - DLy) COoSs kLyy
dx, . .
dz = —k;,(G, + Hy) sink;,z + ik, ,(C, — D) cosky,z

| resort to using the real and imaginary parts since | have a real number function for solving
an underdetermined system of equations.

Where the wave numbers (k-values) are:
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Xc(x) = Agetfex* + Boe ey < x < L
Ye(y) = Acye™ Y + Be fR¥v0 <y < W
Zc(z) = Acgetkcs? + Boe ez?y0 < z < H

Xc(x) = Coy cOSkeyx + i Coy SinkeyX + Dey COS kX — iDeye Sin ko x
= (C¢x + Dcy) coskeyx + 1 (Cox — Dey) Sinkeyx

Ye(x) = E¢y coskeyy + i Ecy sinkcyy + Fey coskey,y —iFcy, sinkcyy
= (E¢cy + Fcy) coskeyy + i (Ecy — Fgy) sinkcy,y

Zc(x) = Geycoskey,z+iHeysinke,z + Gey coske,z —iHg, sinkq,z =
= (GCZ + HCZ) COoSs kCZZ +i (GCZ - HCZ) sin kCZZ
dXc . .
E = _ka(CCx + DCx) SinkeyX + ikcy(Cox — DCx) cos k¢yx

dy,

dy = _kcy(Ecy + Fcy) Sin kcxy + ikcy(ECy - Fcy) COS kcyy

dZ. . ,
dz = —k¢z(Gez + Hez) sinkc,z + ik, (Gep — Hez) cOS kepz

8m2m 5
ka == h2 E + aRx

kRy = ﬁRy

krz = Yrz
Xr(x) = Ag e rx* 4+ Bp e HrxXyx > I,
Yo(y) = Agye™ RyY + B, e *RyYvy > W
Zp(2) = Ag,e*rz? + Bp e Kr22yz > H

Xr(x) = Cry cOS kpyx + i Cpy SiN kg X + Dgy €OS kX — iDp, Sin kpx
= (Cgry + Dpy) coskg,x + i (Cry — Dgy) Sin kg, x

Yr(x) = Egy coskgyy + i Egy sinkgyy + Fgy, cOS kgyy — iFgy sin kg, y
= (Egy *+ Fry) cOS kgyy + i (Egy — Fgy) sinkg,y

Zr(x) = Gy coskgp,z + i Hg, sinkg,z + Gg, coskg,z —iHg, sinkg,z =
= (Gr, + Hg;) coskg,z + i (Gg, — Hg,) Sinkg,z
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dX .
d_xR = —kpx(Crx + Dry) SinkpyX + ikpy (Crx — Dpy) COS Kpyex

dY, . .
d_; - _kRy(ERy + FRy) Sin kay + lkRy(ERy - FRy) COoS kRyy

dZp _ .
dz = —kg;(Grz + Hg;) sinkg,z + ikg,(Gr, — Hg,) COS kg2

8m?m 5
kry = 2 E + apy

kRy = ,3Ry

krz; = Yrz

The wave functions and their derivatives must be continuous everywhere and satisfy the
boundary conditions:

XL(O) = XC(O)
Y,(0) = Y¢(0)
Z,(0) = Z.(0)

dX, dX;
E—Eatx—o
dy, dy,
—=—aty=0
dy dy “wy
dz, dZ.

az - ag wr=0

Xr(L) = Xc(L)
Yr(W) =Y (W)

ZR(H) = ZC(H)

_— :L
dx dx atx

dYg dYc

—=—qaty=W

dy dya Y

az az
R="Catz=H

dz dz
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Now we fill in the boundary conditions:
Cix+Dix —Cox —Dey =0forx=0
Ey+F,—Ec,—F,=0fory=0
Gz+H;—Gc,—He,=0forz=0

(CRX + DRx) Cos kaL + l (CR.X - DRx) Sin kaL
= (CCx + DCx) CoSs kaL + i (CCx — DCX) sin kaL

(Egy + Fry) cos kpyW + i (Egy — Fry) sinkp,W =
= (E¢y + Fey) coskeyW + i (E¢y — Fey) sinke, W
(GRZ + HRZ) COS kRZH + l (GRZ - HRZ) Sin kRZH
= (GCZ + HCZ) COoS kCZH + l (GCZ - HCZ) Sin kCZH
—kpy(Cry + Dgy) sinkpy L + ikgy(Cry — Dry) COS Kpy L
= —kcx(Cex + Dey) sinkey L + ikey (Cox — D) cOS Ky L
—kgy(Ery + Fry) sinkgyW + ikgy(Egy — Fry) cos kg, W
= _kcy(CCy + Dcy) Sin kcyW + ikcy(CCy - Dcy) COoS kcyW
_kRZ(GRZ + HRZ) sin kRzH + ikRz(GRZ - HRZ) CosS kRzH = - kCZ(GCZ + HCZ) sin kCzH
+ikc,(Ge, — Hep) cos ke, H

Rewriting the equations and then equating the real and imaginary components, we have
two sets of equations, one set for the real parts and one set for the imaginary parts. The
real partyields:
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Crx + Dy = Cox = Dex = 0
Ey+F,—Ec —F; =0
Gz +Hyz —Ge,—He, =0
(Cry + Dgy) cos kgL — (Ccy + Dey) cOS kL = 0
(Ery + Fry) cos kg, W — (Ecy + F¢y) coskc,W = 0
(Gry + Hg,) coskg,H — (G¢, + H¢,) coskq,H = 00
—kpy(Cryx + Dpy) sinkpy L + k¢y (Cox + Dey) sSinke, L = 0
—kgry(Ery + Fry) sinkgyW + kcy(Ecy + Fey) sinke, W = 0
—kgrz(Gry + Hg,) sinkg,H + k¢, (Ge, + Hep) sinkc,H = 0
This gives us 18 unknowns in 9 equations. The set of unknown variables is:
Crx» Drxs Evy, Fry, GLz, Hyz, Cexs Dexs Ecy, Fey, Gezy Hezy Cryo Drys Erys Fry) Grz) Hr,

This is an underdetermined system of linear equations. | wonder if it is possible to combine
the real and imaginary parts into a single matrix would give us an 18 by 18 matrix.

We use functions from the “A Numerical Library in C for Scientists and Engineers” © H. T.
Lau, PhD to compute a solution to the set of equations. | have eight Dynamic Link Libraries
that implement the NUMAL C library. | use Chapter 1, Chapter 3, and the Utility DLLs. First,
we give the matrix for the real parts with 18 rows and 9 columns, nhamed M:

11 o 0 0 0-1-1 0 0 O O O O O O O O
o 0o 1.1 0 0 0 0-1-1 0 0 0 O O O O O
o o o 01120 0 0 0-1-1 0 0 0 0 o0 o
M[7,4] = —coskg,L
M[8,4] = —cos k¢, L
M[13,4] = cos kg, L
M[14,4] = cos kgL
M[9,5] = —cos k¢, W
M[10,5] = —cos k¢, W

M[15,5] = cos kg, W
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M[16][5] = cos kg, W
M[11,6] = —k¢, cos k¢, L
M[12,6 | = —k¢y cos ke, L
M[16,6] = kg, cos kg, L
M[16.6] = kg, cos kg, L
M[1,7] = k¢, sink, L
M[2,7] = k¢y sinkeyL
M[13,7] = —kgy sin kg, L
M[14,7] = —kg, sin kg, L
M[9,8] = kc¢y sinkc, W
M[10,8] = k¢, sin k¢, W
M[15,8] = —kgy sinkc, W
M[16,8] = —kg, sin kg, W
M[11,9] = k¢, sink;,H
M[12,9] = k¢, sink.,H
M[17,9] = —kg, sink ,H
M[18,9] = —kg, sin kg, H
The imaginary parts equations are illustrated below:
(Crx — Dry) sinkpyL — (Ccx — D¢y) sinkeyL =0
(Ery — Fry) sinkgyW — (E¢y — Fey) sinkc, W = 0
(Ggz — Hgy) sinkg,H — (G¢, — He) sinke,H = 0
Kkrx(Crx — Drx) €OS kpyL — kcx(Cex — Dex) coskexL = 0
kRy(ERy - FRy) cos kg, W — kcy(ECy - Fcy) coskg,W =0

kRZ(GRZ - HRZ) cos kRZH - kCZ(GCZ - HCZ) cos kCzH =0

Again, we have 18 unknowns and 6 six equations in this case. Our matrix has 6 rows and 18
columns. The transpose is an 18 by 6 matrix.
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M[7,1] = —sink¢,L
M[8,1] = sinkc,L
M[13,1] = sin kg, L
M[14,1] = —sin kg, L
MI[9,2] = —sink¢, W
M[10,2] = sin k¢, W
M[15,2] = sin kg, W
M[16,2] = —sin kz,W
M[11,3] = —sink¢,H
M[12,3] = sink¢,H
M[17,3] = sinkg,H
M[18,3] = —sinkg,H
M[7,4] = —k¢y cos kcy L
M[8,4] = kc¢y cos kcxL
M[13,4] = kgy cos kg, L
M[14.4] = —kpgy cos kgyL
M[9,5] = —k¢, cos k¢, W
M[10,5] = ke cos ke, W
M[15,5] = kg, cos kp, W
M[16,5] = —kg,, cos kg, W
M[11,6] = —k¢, cos ke H
M[12,6] = k¢, cos k¢, H
M[17,6] = kg, cos kg, H

M[18,6] = —kg, cos kg, H
The particle’s probability distribution is given by:

Uj V(% y, 2)Y(x, y, z)dxdydz
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XZ (X)XL(X) = (CLx + DLx)Z(COS kax)Z + (CLx - DLx)Z(Sin kax)Z

. 2 2 2, . 2
Z21(2)Z,(z) = (G, + HLZ)Z(COS kLzZ)Z + (G, — HLZ)Z(Sin kLzZ)z

Xg(x)Xc(x) = (CCx + DCx)Z(COS kax)Z + (CCx - DCx)Z(Sin kax)Z

2 2 2, . 2
Y 0)Y:.(y) = (E¢cy + Fcy) (coskeyy)” + (Ecy — Fey) (sinkeyy)
ZE(Z)ZC(Z) = (GCZ + HCz)Z(COS kCzZ)Z + (GCZ - HCZ)Z(Sin kCzZ)Z

Xr()Xp(x) = (Cpy + DRx)Z(COS kax)Z + (Crx — DRx)Z(Sin kax)Z

. 2 2 2, . 2
Y 0)Ye(¥) = (Egy + Fry) (coskgyy)” + (Ery — Fry) (sinkgyy)
ZI? (Z)ZR(Z) = (GRZ + HRZ)Z(COS kRzZ)Z + (GRZ - HRZ)Z(Sin kRzZ)Z
Input file:

2

25
50
75

[

OCORKHKRERERKHRRKER

.50
.25

The output file:

neutron

mass in kg = 1.674927e-27

L in meters = 2.500000e+01

W in meters = 5.000000e+01

H in meters = 7.500000e+01

E in MeV = 9.395641e+02

V in MeV = 4.697820e+02

Number of singular values not found : O

Norm : 2.309533e+00
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Maximal neglected subdiagonal element : 2.702730e-13
Number of iterations : 13
Rank : 9

-4.754111e+03
-4.754111e+03

7.737880e-02

7.737868e-02
-4.754101e+03
-4.754101e+03
-4.754361e+03
-4.754361e+03
-1.726213e-01
-1.726213e-01
-4.754351e+03
-4.754351e+03
-4.754080e+03
-4.754080e+03

9.524253e-02

9.524253e-02
-4.753706e+03
-4.753706e+03

Number of singular values not found : O

Norm : 1.123517e+00

Maximal neglected subdiagonal element : 0.000000e+00
Number of iterations : 2

Rank : 6

.090898e+00
.062536e+00
.000000e+00
.188956e-01
.961330e-01
.273501e-01
.717595e-01
.717595e-01
.043760e-01
.043760e-01
.095603e-01
.095603e-01
.718111e-01
-1.718111e-01
-1.406285e-01
-2.043760e-01

2.095603e-01
-2.095603e-01

NNMNMMNMNERFEFERPMNDOWRRPR

=
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Probability 1lt outside = 5.000000e-01
Probability inside 4.540083e-08
Probability rt outside 5.000000e-01



