
Coupled First Order Ordinary Differential Equations © Wednesday, October 2, 2024, by 
James Pate Williams, Jr. All Applicable Rights Reserved 

7.2: Coupled First-Order Equations - Mathematics LibreTexts 

𝑥̇1 = 𝑎𝑥1 + 𝑏𝑥2 

𝑥̇2 = 𝑐𝑥1 + 𝑑𝑥2 

𝑥⃗̇ = 𝐴𝑥 

𝑑

𝑑𝑡
(
𝑥1
𝑥2
) = (

𝑎 𝑏
𝑐 𝑑

) (
𝑥1
𝑥2
) 

𝑥⃗(𝑡) = 𝑣⃗𝑒𝜆𝑡 

𝑥⃗(𝑡) = 𝑣⃗𝑒𝜆𝑡 

𝜆𝑣⃗𝑒𝜆𝑡 = 𝐴𝑣⃗𝑒𝜆𝑡  

𝐴𝑣⃗ = 𝜆𝑣⃗ 

𝑑𝑒𝑡(𝐴 − 𝜆𝐼) = 0 

𝑑𝑒𝑡 (
𝑎 − 𝜆 𝑏
𝑐 𝑑 − 𝜆

) = 0 

𝑑𝑒𝑡 (
𝑎 𝑏
𝑐 𝑑

) =
1

𝑎𝑑 − 𝑏𝑐
|
𝑑 −𝑏
−𝑐 𝑎

| 

1

𝑎𝑑 − 𝑏𝑐
(
𝑎 𝑏
𝑐 𝑑

) (
𝑑 −𝑏
−𝑐 𝑎

) = (
1 0
0 1

) 

𝑑𝑒𝑡 (
𝑎 − 𝜆 𝑏
𝑐 𝑑 − 𝜆

) =
1

(𝑎 − 𝜆)(𝑑 − 𝜆)
|
𝑑 − 𝜆 −𝑏
−𝑐 𝑎 − 𝜆

| = 0 

|
𝑑 − 𝜆 −𝑏
−𝑐 𝑎 − 𝜆

| = (𝑑 − 𝜆)(𝑎 − 𝜆) − 𝑏𝑐 = 0 

𝜆2 − 𝑎𝜆 − 𝑑𝜆 + 𝑎𝑑 − 𝑐𝑏 = 0 

𝜆 =
𝑎 + 𝑑 ± √(𝑎 + 𝑑)2 + 4(𝑎𝑑 − 𝑏𝑐)
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