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Problems from the Textbook: Mathematical Methods in the Physical Sciences Second 
Edition © 1983 by Mary L. Boas, Solutions Provided by James Pate Williams, Jr. 

PROBLEMS, SECTION 2 

∑
𝑛

2𝑛

∞

𝑛=1

=
1

2
+

2

4
+

3

8
+

4

16
+ ⋯ 

∑
(−1)𝑛

𝑛
= −1 +

∞

𝑛=1

1

2
−

1

3
+

1

4
− ⋯ 

∑
𝑛

𝑛 + 5

∞

𝑛=1

=
1

6
+

2

7
+

3

8
+

4

9
+ ⋯ 

∑
√𝑛

𝑛 + 1
=

1

2
+

√2

3
+

√3

4
+

√4

5
+ ⋯

∞

𝑛=1

 

∑
2𝑛(2𝑛 + 1)

3𝑛 + 5

∞

𝑛=1

=
2 ∙ 3

8
+

4 ∙ 5

11
+

6 ∙ 7

14
+

8 ∙ 9

17
+ ⋯ =

6

8
+

20

11
+

42

14
+

72

17
+ ⋯ 

∑
(𝑛!)2

(2𝑛)!
=

1

2!
+

(2)2

4!
+

(6)2

6!
+

(24)2

8!
+ ⋯ =

1

2
+

4

24
+

36

720
+

576

40,320
+ ⋯

∞

𝑛=1

 

1

3
+

2

5
+

4

7
+

8

9
+

16

11
+ ⋯ = ∑

2𝑛

2𝑛 + 3

∞

𝑛=0

 

1

2 ∙ 3
+

1

3 ∙ 4
+

1

4 ∙ 5
+

1

5 ∙ 6
+ ⋯ = ∑

1

(𝑛 + 1)(𝑛 + 2)

∞

𝑛=1

 

1

4
−

1

9
+

1

16
−

1

25
+ ⋯ = ∑

(−1)𝑛+1

(𝑛 + 1)2

∞

𝑛=1

 

1

7
+

2

9
+

3

11
+

4

13
+ ⋯ = ∑

𝑛

2𝑛 + 5

∞

𝑛=1

 

1

4
−

1

8
+

1

16
−

1

32
+ ⋯ = ∑

(−1)𝑛+1

2𝑛+1

∞

𝑛=1
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ln 2

2
−

ln 3

3
+

ln 4

4
−

ln 5

5
+ ⋯ = ∑

(−1)𝑛+1 ln(𝑛 + 1)

𝑛 + 1

∞

𝑛=1

 

PROBLEMS, SECTION 4 

𝑆 = ∑
1

2𝑛

∞

𝑛=1

 

|𝑆 − 𝑆4| = |𝑆 − ∑
1

2𝑛

4

𝑛=1

| = |1 −
1

2
−

1

4
−

1

8
−

1

16
| = |1 − 0.9375| = 0.0625 

|𝑆 − 𝑆5| = |1 − 0.9375 −
1

32
| = |0.0625 − 0.03125| = 0.03125 

|𝑆 − 𝑆6| = |0.03125 −
1

64
| = 0.016525 

|𝑆 − 𝑆7| = |0.01625 −  
1

128
| = 0.0084375 

𝑆 = ∑
1

5𝑛

∞

𝑛=1

< ∑
1

2𝑛

∞

𝑛=1

 

|𝑆 − 𝑆4| = |𝑆 − ∑
1

5𝑛

4

𝑛=1

| = |0.25 −
1

5
−

1

25
−

1

125
−

1

625
| = |0.25 − 0.2496| = 0.0004 

|𝑆 − 𝑆5| = |0.0004 −
1

3,125
| = 0.00008 

𝑆 = ∑
1

𝑛(𝑛 + 1)

∞

𝑛=1

=
1

2
+

1

6
+

1

12
+

1

20
+ ⋯ 

1

𝑛(𝑛 + 1)
=

1

𝑛
−

1

𝑛 + 1
 

∑
1

𝑛(𝑛 + 1)

∞

𝑛=1

< ∑
1

𝑛2

∞

𝑛=1

 

|𝑆 − 𝑆4| = |1 − 0.883333 … | = 0.1666 … 

𝑆 = ∑
1

𝑛!
= 1 +

1

2
+

1

6
+

1

24
+ ⋯

∞

𝑛=1
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1

𝑛!
<

1

2𝑛
∀𝑛 ≥ 3 

𝑆 = ∑
1

𝑛2𝑛
=

∞

𝑛=1

1

2
+

1

8
+

1

24
+

1

64
+ ⋯ 

1

𝑛2𝑛
<

1

2𝑛
∀𝑛 ≥ 2 

𝑆 = ∑
1

2𝑛 + 3𝑛
=

1

2 + 3
+

1

4 + 9
+

1

8 + 27
+

1

16 + 81
+ ⋯ =

1

5
+

1

13
+

1

35
+

1

97
+ ⋯

∞

𝑛=1

 

2𝑛 + 3𝑛 > 2𝑛∀𝑛 ≥ 1 

∴
1

2𝑛 + 3𝑛
<

1

2𝑛
∀𝑛 ≥ 1 

𝑆 = ∑
1

𝑛2

∞

𝑛=1

= 1 +
1

4
+

1

9
+

1

16
+

1

25
+

1

36
+ ⋯ 

𝑇 = ∑
1

2𝑛
=

1

2
+

1

4
+

1

8
+

1

16
+

1

32
+

1

64
+ ⋯

∞

𝑛=1

 

∴
1

𝑛2
≥

1

2𝑛
 

𝑆 = ∑
1

𝑛2
= ∑

1

(𝑛 + 1)2

∞

𝑛=0

∞

𝑛=1

 

1

(𝑛 + 1)2
<

1

𝑛(𝑛 + 1)
 

𝑆 = ∑
1

𝑛2 − 1
=

1

3
+

1

8
+

1

15
+

1

24
+ ⋯

∞

𝑛=2

 

1

𝑛2 − 1
=

1

(𝑛 + 1)(𝑛 − 1)
∀𝑛 ≥ 2 

PROBLEMS, SECTION 5 

1

2
−

4

5
+

9

10
−

16

17
+

25

26
−

36

37
+ ⋯ = ∑

(−1)𝑛+1𝑛2

𝑛2 + 1

∞

𝑛=1
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lim
𝑛→∞

|
(−1)𝑛+1𝑛2

𝑛2 + 1
| = lim

𝑛→∞
(

2𝑛

2𝑛
) = 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

√2 +
√3

2
+

√4

3
+

√5

4
+

√6

5
+ ⋯ = ∑

√𝑛 + 1

𝑛

∞

𝑛=1

 

lim
𝑛→∞

√𝑛 + 1

𝑛
= lim

𝑛→∞

1

2√𝑛 + 1
1

= 0 

∑
 𝑛 + 3

𝑛2 + 10𝑛

∞

𝑛=1

 

lim
𝑛→∞

 𝑛 + 3

𝑛2 + 10𝑛
= lim

𝑛→∞

1

2𝑛 + 10
= 0 

∑
(−1)𝑛𝑛2

(𝑛 + 1)2

∞

𝑛=1

 

lim |
(−1)𝑛𝑛2

(𝑛 + 1)2
|

𝑛→∞

=
2𝑛

2𝑛 + 2
=

2

2
= 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛!

𝑛! + 1

∞

𝑛=1

 

lim
𝑛→∞

𝑛!

𝑛! + 1
≈ lim

𝑛→∞

𝑛 ln 𝑛 − 𝑛

𝑛 ln 𝑛 − 𝑛 + 1
=

ln 𝑛 + 1 − 1

ln 𝑛 + 1 − 1
= 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛!

(𝑛 + 1)!

∞

𝑛=1

 

lim
𝑛→∞

𝑛!

(𝑛 + 1)!
≈ lim

𝑛→∞

𝑛 ln 𝑛 − 𝑛

(𝑛 + 1) ln(𝑛 + 1) − (𝑛 + 1)
= lim

𝑛→∞

ln 𝑛 + 1 − 1

ln(𝑛 + 1) + 1 − 1
= lim

𝑛→∞

ln 𝑛

ln(𝑛 + 1)

= lim
𝑛→∞

1
𝑛
1

𝑛 + 1

= lim
𝑛→∞

𝑛 + 1

𝑛
= 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
(−1)𝑛𝑛

√𝑛3 + 1

∞

𝑛=1
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lim
𝑛→∞

|
(−1)𝑛𝑛

√𝑛3 + 1
| = lim

𝑛→∞
𝑛(𝑛3 + 1)−1 2⁄ = lim

𝑛→∞
|(𝑛3 + 1)−1 2⁄ −

1

2
∙ 3𝑛3(𝑛3 + 1)−3 2⁄ | > 0

∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
ln 𝑛

𝑛

∞

𝑛=1

 

lim
𝑛→∞

ln 𝑛

𝑛
= lim

𝑛→∞

1
𝑛
1

= lim
𝑛→∞

1

𝑛
= 0 

∑
3𝑛

2𝑛 + 3𝑛

∞

𝑛=1

 

lim
𝑛→∞

3𝑛

2𝑛 + 3𝑛
= lim

𝑛→∞

3𝑛 ln 3

2𝑛 ln 2 + 3𝑛 ln 3
= 0 

∑ (1 −
1

𝑛2
)

∞

𝑛=2

= ∑
𝑛2 − 1

𝑛2

∞

𝑛=2

 

lim
𝑛→∞

𝑛2 − 1

𝑛2
= lim

𝑛→∞

2𝑛

2𝑛
= 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

PROBLEMS, SECTION 6 

1. Show that 
𝑛! > 2𝑛∀𝑛 ≥ 4 

4! = 24 > 24 = 16 

5! = 120 > 25 = 32 

6! = 720 > 26 = 64 

2.  

1 +
1

2
+ (

1

4
+

1

4
) + (

1

8
+

1

8
+

1

8
+

1

8
) +

8

24
+ ⋯ = 1 +

1

2
+

1

2
+

1

2
+

1

2
+ ⋯ 

lim
𝑛→∞

2𝑛−1

2𝑛
=

1

2
> 0 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

1

𝑛
<

2𝑛−1

2𝑛
=

1

2
∀𝑛 ≥ 3 ∴ ∑

1

𝑛
∴ 𝑡ℎ𝑒 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

∞

𝑛=1

 

  



Page 6 of 12 
 

∑
1

𝑛2
=

∞

𝑛=1

1 +
1

4
+

1

9
+

1

16
+

1

25
+ ⋯ < 1 +

1

2
+

1

4
+

1

8
+

1

16
+ ⋯ 

1

𝑛2
<

1

2𝑛−1
∀𝑛 ≥ 2 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
1

𝑛2𝑛
< ∑

1

2𝑛
∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

∞

𝑛=1

∞

𝑛=1

 

∑
1

2𝑛 + 3𝑛

∞

𝑛=1

< ∑
1

2𝑛
∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

∞

𝑛=1

 

∑
1

√𝑛
< ∑

1

𝑛

∞

𝑛=1

∞

𝑛=1

∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

lim
𝑛→∞

1

√𝑛
= lim

𝑛→∞

1

1

2√𝑛

> 0 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
1

ln 𝑛

∞

𝑛=1

< ∑
1

𝑛

∞

𝑛=1

∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

lim
𝑛→∞

1

ln 𝑛
= 𝑛 ≠ 0 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

There are 9 one-digit numbers (1-9), 90 two-digit numbers (10-99). How many three-digit 
numbers, four-digit numbers, etc. numbers are there? 

9

10
+

90

100
+

900

1000
+

9000

10,000
+ ⋯ =

9

10
+

9

10
+

9

10
+

9

10
+ ⋯ 

∑
1

𝑛

∞

𝑛=1

= 1 +
1

2
+

1

3
+

1

4
+

1

5
+ ⋯ 

1

𝑛
<

9

10
∀𝑛 ≥ 2, ∴ 𝑡ℎ𝑒 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

PROBLEMS, SECTION 6 Continued 

∑
1

𝑛 ln 𝑛

∞

𝑛=2

 

∫
𝑑𝑛

𝑛 ln 𝑛
< ∫

𝑑𝑛

𝑛
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∫
𝑑𝑛

𝑛 ln 𝑛
= ∫

𝑑𝑛

ln 𝑛𝑛
 

∑
𝑛

𝑛2 + 4

∞

𝑛=1

 

lim
𝑛→∞

𝑛

𝑛2 + 4
= lim

𝑛→∞

1

2𝑛
= 0 

∫
𝑛𝑑𝑛

𝑛2 + 4
=

1

2
∫ 𝑑 ln(𝑛2 + 4) =

1

2
ln(𝑛2 + 4) + 𝐶 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
1

𝑛2 − 4

∞

𝑛=3

 

1

𝑛2 − 4
=

1

(𝑛 − 2)(𝑛 + 2)
=

𝐴

𝑛 − 2
+

𝐵

𝑛 + 2 
 

∫
𝑑𝑛

𝑛2 − 4
= ∫

𝑑𝑛

(𝑛 − 2)(𝑛 + 2)
= ∫

𝐴𝑑𝑛

𝑛 − 2

+ ∫
𝐵𝑑𝑛

𝑛 + 2 
= 𝐴 ln(𝑛 − 2) + 𝐵 ln(𝑛 + 2) + 𝐶 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑒𝑛

𝑒2𝑛 + 9

∞

𝑛=1

 

∫
𝑒𝑛𝑑𝑛

𝑒2𝑛 + 9
= ∫

𝑒𝑛𝑑𝑛

(𝑒𝑛 − 3)(𝑒𝑛 + 3)

= ∫
𝐴𝑒𝑛𝑑𝑛

𝑒𝑛 − 3

+ ∫
𝐵𝑒𝑛𝑑𝑛

𝑒𝑛 + 3
= 𝐴 ln(𝑒𝑛 − 3) + 𝐵 ln(𝑒𝑛 + 3) + 𝐶 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
1

𝑛(1 + ln 𝑛)3 2⁄

∞

𝑛=1

 

∫
𝑑𝑛

𝑛(1 + ln 𝑛)3 2⁄
= ∫ 𝑑(1 + ln 𝑛)1 2⁄ = (1 + ln 𝑛)1 2⁄ + 𝐶 → 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛

(𝑛2 + 1)2

∞

𝑛=1
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∫
𝑛𝑑𝑛

(𝑛2 + 1)2
= ∫ 𝑛 (𝑛2 + 1)−1𝑑𝑛 = −

1

2
∫ 𝑑 (𝑛2 + 1)−1𝑑𝑛 = −

1

2
(𝑛2 + 1)−1 + 𝐶

→ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛2

𝑛3 + 1

∞

𝑛=

 

∫
𝑛2𝑑𝑛

𝑛3 + 1
=

1

3
ln(𝑛3 + 1) + 𝐶 → ∞ ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
1

√𝑛2 + 9

∞

𝑛=1

 

∫
𝑑𝑛

√𝑛2 + 9
= ∫

𝑑𝑛

√(𝑛 − 3)(𝑛 + 3)
 

1

√𝑛2 + 9
=

1

√9 [(
𝑛
3)

2

+ 1]

=
1

3√(
𝑛
3)

2

+ 1

 

∫
𝑑𝑛

√𝑛2 + 9
=

1

3
∫ [(

𝑛

3
)

2

+ 1]
1 2⁄

𝑑𝑛 = ∫(𝑚2 + 1)−1 2⁄ 𝑑𝑚 

𝑚 = tan 𝑥 

(cos 𝑥)2 + (sin 𝑥)2 = 1 

(cos 𝑥)2 = 1 − (sin 𝑥)2 

1 =
1

(cos 𝑥)2
− (tan 𝑥)2 = (sec 𝑥)2 − (tan 𝑥)2 

(sec 𝑥)2 = 1 + (tan 𝑥)2 

𝑑𝑚 = 𝑑 tan 𝑥 = 𝑑 (
sin 𝑥

cos 𝑥
) = [

cos 𝑥

cos 𝑥
+ (tan 𝑥)2] 𝑑𝑥 = [1 + (tan 𝑥)2]𝑑𝑥 = (sec 𝑥)2𝑑𝑥 

∫(𝑚2 + 1)−1 2⁄ 𝑑𝑚 = ∫ sec 𝑥 𝑑𝑥 = ∫
𝑑𝑥

cos 𝑥
= tan 𝑥 sec 𝑥 + 𝐶 

∑
1

𝑛𝑝

∞

𝑛=1

 

Suppose p = 1 then we have the divergent harmonic series by the integral test: 
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∫
𝑑𝑛

𝑛
= ln 𝑛 + 𝐶 

∫
𝑑𝑛

𝑛𝑝
= ∫ 𝑛−𝑝𝑑𝑛 = −

𝑛−𝑝+1

(1 − 𝑝)
+ 𝐶 ∴ 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 𝑓𝑜𝑟 𝑝 > 1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑ 𝑒−𝑛2

∞

𝑛=1

 

∫
𝑑𝑛

𝑒𝑛2 < ∫
𝑑𝑛

𝑒𝑛
= −𝑒−𝑛 ln 𝑒 → 0 𝑎𝑠 𝑛 → ∞ 

PROBLEMS, SECTION 6 Continued 

∑
2𝑛

𝑛2

∞

𝑛=1

 

𝜌𝑛 =

2𝑛+1

(𝑛 + 1)2

2𝑛

𝑛2

=
𝑛22𝑛+1

2𝑛(𝑛 + 1)2
=

2𝑛2

(𝑛 + 1)2
 

𝜌 = lim
𝑛→∞

2𝑛2

(𝑛 + 1)2
= lim

𝑛→∞

4𝑛

2𝑛 + 1
=

4

2
= 2 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
3𝑛

22𝑛

∞

𝑛=1

 

𝜌𝑛 =

3𝑛+1

22𝑛+2

3𝑛

22𝑛

=
22𝑛3𝑛+1

22𝑛+23𝑛
=

3

22
=

3

4
 

𝜌 = lim
𝑛→∞

3

4
=

3

4
< 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛!

(2𝑛)!

∞

𝑛=0

 

𝜌𝑛 =

(𝑛 + 1)!
[2(𝑛 + 1)]!

𝑛!
(2𝑛)!

=
(2𝑛)! (𝑛 + 1)!

𝑛! [2(𝑛 + 1)]!
 

𝜌2 =
4! 3!

2! 6!
=

4 ∙ 3 ∙ 6

720
=

12 ∙ 6

720
=

72

720
< 1 
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ρ = lim
𝑛→∞

(2𝑛)! (𝑛 + 1)!

𝑛! [2(𝑛 + 1)]!
< 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 

∑
5𝑛(𝑛!)2

(2𝑛)!

∞

𝑛=0

 

𝜌𝑛 =

5𝑛+1[(2𝑛 + 2)!]2

[2(𝑛 + 1)]!

5𝑛(𝑛!)2

(2𝑛)!

=
(2𝑛)! 5𝑛+1[(2𝑛 + 2)!]2

5𝑛(𝑛!)2[2(𝑛 + 1)]!
=

(2𝑛)! [(2𝑛 + 2)!]2

(𝑛!)2[2(𝑛 + 1)]!
 

𝜌 > 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
10𝑛

(𝑛!)2

∞

𝑛=1

 

𝜌𝑛 =

10𝑛+1

[(𝑛 + 1)!]2

10𝑛

(𝑛!)2

=
10𝑛+1(𝑛!)2

10𝑛[(𝑛 + 1)!]2
=

10(𝑛!)2

[(𝑛 + 1)!]2
 

𝜌2 =
10 ∙ 4

36
=

40

36
 

𝜌3 =
10 ∙ 36

576
=

360

576
 

𝜌 = lim
𝑛→∞

10(𝑛!)2

[(𝑛 + 1)!]2
< 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛!

100𝑛

∞

𝑛=1

 

𝜌𝑛 =

(𝑛 + 1)!
100𝑛+1

𝑛!
100𝑛

=
100𝑛(𝑛 + 1)!

100𝑛+1𝑛!
≈

(𝑛 + 1) ln(𝑛 + 1) − (𝑛 + 1)

100(𝑛 ln 𝑛 − 𝑛)
 

𝜌 = lim
𝑛→∞

(𝑛 + 1) ln(𝑛 + 1) − (𝑛 + 1)

100(𝑛 ln 𝑛 − 𝑛)
> 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
32𝑛

23𝑛

∞

𝑛=0
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𝜌𝑛 =

32𝑛+2

23𝑛+3

32𝑛

23𝑛

=
32𝑛+223𝑛

32𝑛23𝑛+3
=

9

8
 

𝜌 =
9

8
∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑒𝑛

√𝑛!

∞

𝑛=1

 

𝜌𝑛 =

𝑒𝑛+1

√(𝑛 + 1)!

𝑒𝑛

√𝑛!

=
𝑒√𝑛!

√(𝑛 + 1)!
 

𝜌 = lim
𝑛→∞

𝑒√𝑛!

√(𝑛 + 1)!
< 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 

∑
(𝑛!)3𝑒3𝑛

(3𝑛)!

∞

𝑛=0

 

𝜌𝑛 =

[(𝑛 + 1)!]3𝑒3𝑛+3

(3𝑛 + 3)!

(𝑛!)3𝑒3𝑛

(3𝑛)!

=
(3𝑛)! [(𝑛 + 1)!]3𝑒3𝑛+3

(𝑛!)3(3𝑛 + 3)! 𝑒3𝑛
 

𝜌 = lim
𝑛→∞

(3𝑛)! [(𝑛 + 1)!]3𝑒3

(𝑛!)3(3𝑛 + 3)!
 

lim
𝑛→∞

(3𝑛)!

(3𝑛 + 3)!
≈ lim

𝑛→∞

3𝑛 ln(3𝑛) − 3𝑛

(3𝑛 + 3) ln(3𝑛 + 3) − 3𝑛 − 1
< 1 

lim
𝑛→∞

[(𝑛 + 1)!]3𝑒

(𝑛!)3
> 1 

∑
100𝑛

𝑛200

∞

𝑛=0

 

𝜌𝑛 =

100𝑛+1

(𝑛 + 1)200

100𝑛

𝑛200

=
100𝑛+1𝑛200

100𝑛(𝑛 + 1)200
=

100𝑛200

(𝑛 + 1)200
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𝜌 = lim
𝑛→∞

100𝑛200

(𝑛 + 1)200
< 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠 

∑
𝑛! (2𝑛)!

(3𝑛)!

∞

𝑛=0

 

𝜌𝑛 =

(𝑛 + 1)! (2𝑛 + 2)!
(3𝑛 + 3)!
𝑛! (2𝑛)!

(3𝑛)!

=
(3𝑛)! (𝑛 + 1)! (2𝑛 + 2)!

𝑛! (2𝑛)! (3𝑛 + 3)!
=

(𝑛 + 1)(3𝑛)! (2𝑛 + 2)!

(2𝑛)! (3𝑛 + 3)!
 

𝜌2 =
3 ∙ 6! ∙ 6!

4! ∙ 9!
=

3 ∙ 720

2 ∙ 9 ∙ 8 ∙ 7
=

2,160

1,008
 

𝜌 = lim
𝑛→∞

(𝑛 + 1)(3𝑛)! (2𝑛 + 2)!

(2𝑛)! (3𝑛 + 3)!
> 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

∑
√(2𝑛)!

𝑛!

∞

𝑛=0

 

𝜌𝑛 =

√(2𝑛 + 2)!
(𝑛 + 1)!

√(2𝑛)!
𝑛!

=
𝑛! √(2𝑛 + 2)!

(𝑛 + 1)! √(2𝑛)!
=

√(2𝑛 + 2)!

(𝑛 + 1)√(2𝑛)!
 

𝜌2 =
√6!

3√4!
=

√6 ∙ 5

3
=

√30

3
> 1 

𝜌 = lim
𝑛→∞

√(2𝑛 + 2)(2𝑛 + 1)

𝑛 + 1
> 1 ∴ 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠 

 


