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1. Simplify 

(𝐴  × 𝐵⃗⃗) ∙ 𝐶 = 𝜀𝑖𝑗𝑘𝐴𝑖𝐵𝑗𝐶𝑘 = |

𝑖̂ 𝑗̂ 𝑘̂
𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐵𝑥 𝐵𝑦 𝐵𝑧

|

𝑖̂ 𝑗̂
𝐴𝑥 𝐴𝑦

𝐵𝑥 𝐵𝑦

∙ 𝐶

= [(𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦)𝑖̂ + (𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧)𝑗̂ + (𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥)𝑘̂] ∙ 𝐶

= (𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦)𝐶𝑥 + (𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧)𝐶𝑦 + (𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥)𝐶𝑧  
2. Simplify 

(𝐴  × 𝐵⃗⃗) ∙ (𝐶  × 𝐷⃗⃗⃗) = 𝜀𝑖𝑗𝑘𝐴𝑖𝐵𝑗𝑒̂𝑘𝜀𝑙𝑚𝑛𝐶𝑙𝐷𝑚𝑒̂𝑛 = 𝜀𝑖𝑗𝑘𝐴𝑖𝐵𝑗𝜀𝑙𝑚𝑘𝐶𝑙𝐷𝑚

= 𝜀𝑖𝑗𝑘𝜀𝑙𝑚𝑘𝐴𝑖𝐵𝑗𝐶𝑙𝐷𝑚 = (𝛿𝑖𝑙𝛿𝑗𝑚 − 𝛿𝑖𝑚𝛿𝑗𝑙)𝐴𝑖𝐵𝑗𝐶𝑙𝐷𝑚

= 𝐴𝑖𝐵𝑗𝐶𝑖𝐷𝑗 − 𝐴𝑖𝐵𝑗𝐶𝑗𝐷𝑖 = 𝐴𝑖𝐵𝑗(𝐶𝑖𝐷𝑗 − 𝐶𝑗𝐷𝑖) 
3. Simplify 

(𝐴  × 𝐵⃗⃗) ∙ (𝐵⃗⃗  × 𝐶) × (𝐶  × 𝐴) 
First, we need to compute the second and third factors: 

(𝐵⃗⃗  × 𝐶) × (𝐶  × 𝐴) = 𝜀𝑖𝑗𝑘𝐵𝑖𝐶𝑗𝑒̂𝑘𝜀𝑙𝑚𝑛𝐶𝑙𝐴𝑚𝑒̂𝑛 

𝐵⃗⃗  × 𝐶 = |

𝑖̂ 𝑗̂ 𝑘̂
𝐵𝑥 𝐵𝑦 𝐵𝑧

𝐶𝑥 𝐶𝑦 𝐶𝑧

|

𝑖̂ 𝑗̂
𝐵𝑥 𝐵𝑦

𝐶𝑥 𝐶𝑦

= (𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦)𝑖̂ + (𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧)𝑗̂ + (𝐵𝑥𝐶𝑦 − 𝐵𝑦𝐶𝑥)𝑘̂ 

𝐶  × 𝐴 = |

𝑖̂ 𝑗̂ 𝑘̂
𝐶𝑥 𝐶𝑦 𝐶𝑧

𝐴𝑥 𝐴𝑦 𝐴𝑧

|

𝑖̂ 𝑗̂
𝐶𝑥 𝐶𝑦

𝐴𝑥 𝐴𝑦

= (𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦)𝑖̂ + (𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧)𝑗̂ + (𝐶𝑥𝐴𝑦 − 𝐶𝑦𝐴𝑥)𝑘̂ 

(𝐵⃗⃗  × 𝐶) × (𝐶  × 𝐴)

= |

𝑖̂ 𝑗̂ 𝑘̂
𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦 𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧 𝐵𝑥𝐶𝑦 − 𝐵𝑦𝐶𝑥

𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦 𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧 𝐶𝑥𝐴𝑦 − 𝐶𝑦𝐴𝑥

|

𝑖̂ 𝑗̂
𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦 𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧

𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦 𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧

= [(𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧)(𝐶𝑥𝐴𝑦 − 𝐶𝑦𝐴𝑥)]𝑖̂ + [(𝐵𝑥𝐶𝑦 − 𝐵𝑦𝐶𝑥)(𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦)]𝑗̂

+ [(𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦)(𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧)]𝑘̂ − [(𝐵𝑥𝐶𝑦 − 𝐵𝑦𝐶𝑥)(𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧)]𝑖̂

− [(𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦)(𝐶𝑥𝐴𝑦 − 𝐶𝑦𝐴𝑥)]𝑗̂ − [(𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧)(𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦)]𝑘̂ 

𝐴  × 𝐵⃗⃗ = |

𝑖̂ 𝑗̂ 𝑘̂
𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐵𝑥 𝐵𝑦 𝐵𝑧

|

𝑖̂ 𝑗̂
𝐴𝑥 𝐴𝑦

𝐵𝑥 𝐵𝑦

= (𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦)𝑖̂ + (𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧)𝑗̂ + (𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥)𝑘̂ 



(𝐴  × 𝐵⃗⃗) ∙ (𝐵⃗⃗  × 𝐶) × (𝐶  × 𝐴)

= (𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦)(𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧)(𝐶𝑥𝐴𝑦 − 𝐶𝑦𝐴𝑥)

− (𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦)(𝐵𝑥𝐶𝑦 − 𝐵𝑦𝐶𝑥)(𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧)

+ (𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧)(𝐵𝑥𝐶𝑦 − 𝐵𝑦𝐶𝑥)(𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦)

− (𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧)(𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦)(𝐶𝑥𝐴𝑦 − 𝐶𝑦𝐴𝑥)

+ (𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥)(𝐵𝑦𝐶𝑧 − 𝐵𝑧𝐶𝑦)(𝐶𝑧𝐴𝑥 − 𝐶𝑥𝐴𝑧)

− (𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥)(𝐵𝑧𝐶𝑥 − 𝐵𝑥𝐶𝑧)(𝐶𝑦𝐴𝑧 − 𝐶𝑧𝐴𝑦) 
Like any good computer scientist and software engineer, I will write a Win32 C/C++ 
console application to verify my formulas. 
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Section 1.14 page 50 

1. Derive the identity: 

(𝐴 × 𝐵⃗⃗) × (𝐶 × 𝐷⃗⃗⃗) = [𝐴,⃗⃗⃗⃗ 𝐵,⃗⃗⃗⃗ 𝐷⃗⃗⃗]𝐶 − [𝐴,⃗⃗⃗⃗ 𝐵,⃗⃗⃗⃗ 𝐶]𝐷⃗⃗⃗ 

𝐴 × 𝐵⃗⃗ = 𝜀𝑖𝑗𝑘𝐴𝑖𝐵𝑗𝑒̂𝑘 

𝐴  × 𝐵⃗⃗ = |

𝑖̂ 𝑗̂ 𝑘̂
𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐵𝑥 𝐵𝑦 𝐵𝑧

|

𝑖̂ 𝑗̂
𝐴𝑥 𝐴𝑦

𝐵𝑥 𝐵𝑦

= (𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦)𝑖̂ + (𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧)𝑗̂ + (𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥)𝑘̂ 

𝐶  × 𝐷⃗⃗⃗ = |

𝑖̂ 𝑗̂ 𝑘̂
𝐶𝑥 𝐶𝑦 𝐶𝑧

𝐷𝑥 𝐷𝑦 𝐷𝑧

|

𝑖̂ 𝑗̂
𝐶𝑥 𝐶𝑦

𝐷𝑥 𝐷𝑦

= (𝐶𝑦𝐷𝑧 − 𝐶𝑧𝐷𝑦)𝑖̂ + (𝐶𝑧𝐷𝑥 − 𝐶𝑥𝐷𝑧)𝑗̂ + (𝐶𝑥𝐷𝑦 − 𝐶𝑦𝐷𝑥)𝑘̂ 



(𝐴  × 𝐵⃗⃗) × (𝐶  × 𝐷⃗⃗⃗)

= |

𝑖̂ 𝑗̂ 𝑘̂
𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦 𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧 𝐴𝑥𝐵𝑦 − 𝐴𝑦𝐵𝑥

𝐶𝑦𝐷𝑧 − 𝐶𝑧𝐷𝑦 𝐶𝑧𝐷𝑥 − 𝐶𝑥𝐷𝑧 𝐶𝑥𝐷𝑦 − 𝐶𝑦𝐷𝑥

|

𝑖̂ 𝑗̂
𝐴𝑦𝐵𝑧 − 𝐴𝑧𝐵𝑦 𝐴𝑧𝐵𝑥 − 𝐴𝑥𝐵𝑧

𝐶𝑦𝐷𝑧 − 𝐶𝑧𝐷𝑦 𝐶𝑧𝐷𝑥 − 𝐶𝑥𝐷𝑧

 

 

[𝐴,⃗⃗⃗⃗ 𝐵,⃗⃗⃗⃗ 𝐷⃗⃗⃗] = |

𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐵𝑥 𝐵𝑦 𝐵𝑧

𝐷𝑥 𝐷𝑦 𝐷𝑧

|

= 𝐴𝑥𝐵𝑦𝐷𝑧 + 𝐴𝑦𝐵𝑧𝐷𝑥 + 𝐴𝑧𝐵𝑥𝐷𝑦 − 𝐴𝑦𝐵𝑥𝐷𝑧 − 𝐴𝑥𝐵𝑧𝐷𝑦 − 𝐴𝑧𝐵𝑦𝐷𝑥  
See computer output. 

2. Derive the identity: 

(𝐴 × 𝐵⃗⃗) × (𝐵⃗⃗ × 𝐶) × (𝐶 × 𝐴) = [𝐴,⃗⃗⃗⃗ 𝐵,⃗⃗⃗⃗ 𝐶]
2

 

[𝐴,⃗⃗⃗⃗ 𝐵,⃗⃗⃗⃗ 𝐶] = |

𝐴𝑥 𝐴𝑦 𝐴𝑧

𝐵𝑥 𝐵𝑦 𝐵𝑧

𝐶𝑥 𝐶𝑦 𝐶𝑧

|

= 𝐴𝑥𝐵𝑦𝐶𝑧 + 𝐴𝑦𝐵𝑧𝐶𝑥 + 𝐴𝑧𝐵𝑥𝐶𝑦 − 𝐴𝑦𝐵𝑥𝐶𝑧 − 𝐴𝑥𝐵𝑧𝐶𝑦 − 𝐴𝑧𝐵𝑦𝐶𝑥 
See computer output. 

3. Derive the identity: 

𝐴 × (𝐵⃗⃗ × 𝐶) + 𝐵⃗⃗ × (𝐶 × 𝐴) + 𝐶 × (𝐴 × 𝐵 ⃗⃗⃗⃗ ) = 0⃗⃗ 

See computer output. 

4. Equation (1.29) 

𝐴 × (𝐵⃗⃗ × 𝐶) = (𝐴 ∙ 𝐶)𝐵⃗⃗ − (𝐴 ∙ 𝐵⃗⃗)𝐶 
Derivation of the Equation (1.29): 

𝐴 × (𝐵⃗⃗ × 𝐶) = 𝜀𝑖𝑗𝑘𝐴𝑖(𝐵⃗⃗ × 𝐶)
𝑗
𝑒̂𝑘  

(𝐵⃗⃗ × 𝐶)
𝑗

= −𝜀𝑚𝑛𝑗𝐵𝑚𝐶𝑛 

𝜀𝑖𝑗𝑘𝜀𝑚𝑛𝑗 = −𝛿𝑖𝑚𝛿𝑗𝑛 + 𝛿𝑖𝑛𝛿𝑗𝑚  

𝐴 × (𝐵⃗⃗ × 𝐶) = −𝛿𝑖𝑚𝛿𝑗𝑛𝐴𝑖𝐵𝑚𝐶𝑛𝑒̂𝑗 + 𝛿𝑖𝑛𝛿𝑗𝑚𝐴𝑖𝐵𝑚𝐶𝑛𝑒̂𝑗 = −𝐴𝑖𝐵𝑖𝐶𝑗𝑒̂𝑗 + 𝐴𝑖𝐶𝑖𝐵𝑗𝑒̂𝑗

= (𝐴 ∙ 𝐶)𝐵⃗⃗ − (𝐴 ∙ 𝐵⃗⃗)𝐶 
5. Simplify the acceleration vector: 

𝑎⃗ = 𝜔⃗⃗⃗ × (𝜔⃗⃗⃗ × 𝑅⃗⃗) 

𝑎⃗ = 𝜔⃗⃗⃗ × (𝜔⃗⃗⃗ × 𝑅⃗⃗) = (𝜔⃗⃗⃗ ∙ 𝑅⃗⃗)𝜔⃗⃗⃗ − (𝜔⃗⃗⃗ ∙ 𝜔⃗⃗⃗)𝑅⃗⃗ 
7. Simplify: 

|𝐴 × 𝐵⃗⃗|
2

+ (𝐴 ∙ 𝐵⃗⃗)
2

− |𝐴|
2

|𝐵⃗⃗|
2

 

|𝐴 × 𝐵⃗⃗|
2

+ (𝐴 ∙ 𝐵⃗⃗)
2

− |𝐴|
2

|𝐵⃗⃗|
2

= |𝐴|
2

|𝐵⃗⃗|
2

(sin 𝜃)2 + |𝐴|
2

|𝐵⃗⃗|
2

(cos 𝜃)2 − |𝐴|
2

|𝐵⃗⃗|
2

= 0 


