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Boundary Conditions from the web PDF: 

𝑢(𝑟, 𝜃, 𝐻) = 𝑓(𝑟, 𝜃) 

𝑢(𝑟, 𝜃, 0) = 𝑔(𝑟, 𝜃) 

𝑢(𝑎, 𝜃, 𝑧) = ℎ(𝜃, 𝑧) 

Solution from the web PDF: 

𝑢(𝑟, 𝜃, 𝑧) = 𝑢1(𝑟, 𝜃, 𝑧) + 𝑢2(𝑟, 𝜃, 𝑧) + 𝑢3(𝑟, 𝜃, 𝑧) 

𝑢1(𝑟, 𝜃, 𝑧) = ∑ ∑ 𝐽𝑛 (
𝑧𝑛𝑚𝑟

𝑎
) sinh (

𝑧𝑛𝑚𝑧

𝑎
)

∞

𝑚=1

∞

𝑛=0

[𝑎𝑛𝑚 cos(𝑛𝜃) + 𝑏𝑛𝑚 sin(𝑛𝜃)] 

𝑢2(𝑟, 𝜃, 𝑧) = ∑ ∑ 𝐽𝑛 (
𝑧𝑛𝑚𝑟

𝑎
) sinh (

𝑧𝑛𝑚[𝐻 − 𝑧]

𝑎
)

∞

𝑚=1

∞

𝑛=0

[𝑐𝑛𝑚 cos(𝑛𝜃) + 𝑑𝑛𝑚 sin(𝑛𝜃)] 

𝑢3(𝑟, 𝜃, 𝑧) = ∑ ∑ 𝐼𝑛 (
𝑚𝜋𝑟

𝐻
) sin (

𝑚𝜋𝑧

𝐻
)

∞

𝑚=1

∞

𝑛=0

[𝑒𝑛𝑚 cos(𝑛𝜃) + 𝑓𝑛𝑚 sin(𝑛𝜃)] 

𝑎0𝑚 =
∫ ∫ 𝑟𝑓(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽0 (

𝑧0𝑚𝑟
𝑎 ) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽1(𝑧0𝑚)]2 sinh (
𝑧0𝑚𝐻

𝑎 )
𝑓𝑜𝑟 𝑛 = 0, ∀𝑚 ≥ 1 

𝑎𝑛𝑚 =
2 ∫ ∫ 𝑟𝑓(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) cos(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
∀𝑛 ≥ 0, 𝑚 ≥ 1 

𝑏𝑛𝑚 =
2 ∫ ∫ 𝑟𝑓(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) sin(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
∀𝑛 ≥ 0, 𝑚 ≥ 1 

𝑐0𝑚 =
∫ ∫ 𝑟𝑔(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽0 (

𝑧0𝑚𝑟
𝑎 ) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽1(𝑧0𝑚)]2 sinh (
𝑧0𝑚𝐻

𝑎 )
𝑓𝑜𝑟 𝑛 = 0, ∀𝑚 ≥ 1 

𝑐𝑛𝑚 =
2 ∫ ∫ 𝑟𝑔(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) cos(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
∀𝑛 ≥ 1, 𝑚 ≥ 1 

https://www2.math.upenn.edu/~deturck/m241/laplacecylinder.pdf


𝑑𝑛𝑚 =
2 ∫ ∫ 𝑟𝑔(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) sin(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
∀𝑛 ≥ 1, 𝑚 ≥ 1 

𝑒0𝑚 =
∫ ∫ ℎ(𝜃, 𝑧) sin (

𝑚𝜋𝑧
𝐻 ) 𝑑𝑧𝑑𝜃

𝐻

0

𝜋

−𝜋

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
𝑓𝑜𝑟 𝑛 = 0, ∀𝑚 ≥ 1 

𝑒𝑛𝑚 =
2 ∫ ∫ ℎ(𝜃, 𝑧) sin (

𝑚𝜋𝑧
𝐻 ) cos(𝑛𝜃) 𝑑𝑧𝑑𝜃

𝐻

0

𝜋

−𝜋

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
∀𝑛 ≥ 1, 𝑚 ≥ 1 

𝑓𝑛𝑚 =
2 ∫ ∫ ℎ(𝜃, 𝑧) sin (

𝑚𝜋𝑧
𝐻 ) sin(𝑛𝜃) 𝑑𝑧𝑑𝜃

𝐻

0

𝜋

−𝜋

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
∀𝑛 ≥ 1, 𝑚 ≥ 1 

We will use Monte-Carlo integration for the double integrals. 

Suppose the boundary conditions are: 

𝑓(𝑟, 𝜃) = 𝑟 cos(𝜃) 

𝑔(𝑟, 𝜃) = 𝑟 sin(𝜃) 

ℎ(𝜃, 𝑧) = 𝑧 cos(𝜃) 

This is a “hard” boundary value problem. A much simpler boundary value problem is by my 
own computations: 

  
𝑓(𝑟, 𝜃) = 𝑔(𝑟, 𝜃) = ℎ(𝜃, 𝑧) = 1 

𝑎0𝑚 =
∫ ∫ 𝑟𝑓(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽0 (

𝑧0𝑚𝑟
𝑎 ) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽1(𝑧0𝑚)]2 sinh (
𝑧0𝑚𝐻

𝑎 )
=

2𝜋 ∫ 𝑟
𝑎

0
𝐽0 (

𝑧0𝑚𝑟
𝑎 ) 𝑑𝑟

𝜋𝑎2[𝐽1(𝑧0𝑚)]2 sinh (
𝑧0𝑚𝐻

𝑎 )
𝑓𝑜𝑟 𝑛 = 0, ∀𝑚 ≥ 1 

𝑎𝑛𝑚 =
2 ∫ ∫ 𝑟𝑓(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) cos(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
∀𝑛 ≥ 1, 𝑚 ≥ 1 

∫ cos(𝑛𝜃) 𝑑𝜃 = sin(𝑛𝜋) − sin(−𝑛𝜋) = 0

𝜋

−𝜋

 

𝑎𝑛𝑚 = 0, 𝑓𝑜𝑟 𝑛 = 0, ∀𝑚 ≥ 1 



𝑏𝑛𝑚 =
2 ∫ ∫ 𝑟𝑓(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) sin(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
=

2 ∫ ∫ 𝑟
𝑎

0

𝜋

−𝜋
𝐽𝑛 (

𝑧𝑛𝑚𝑟
𝑎 ) sin(𝑛𝜃) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽𝑛+1(𝑧𝑛𝑚)]2 sinh (
𝑧𝑛𝑚𝐻

𝑎 )
∀𝑛

≥ 0, 𝑚 ≥ 1 

∫ sin(𝑛𝜃)𝑑𝜃 = − cos(𝑛𝜋)

𝜋

−𝜋

+ cos(−𝑛𝜋) = −(−1)𝑛 − (−1)𝑛 = (−1)𝑛+1 + (−1)𝑛+1

= 2(−1)𝑛+1∀𝑛 ≥ 1 

𝑐0𝑚 =
∫ ∫ 𝑟𝑔(𝑟, 𝜃)

𝑎

0

𝜋

−𝜋
𝐽0 (

𝑧0𝑚𝑟
𝑎 ) 𝑑𝑟𝑑𝜃

𝜋𝑎2[𝐽1(𝑧0𝑚)]2 sinh (
𝑧0𝑚𝐻

𝑎 )
=

2𝜋 ∫ 𝑟
𝑎

0
𝐽0 (

𝑧0𝑚𝑟
𝑎 ) 𝑑𝑟

𝜋𝑎2[𝐽1(𝑧0𝑚)]2 sinh (
𝑧0𝑚𝐻

𝑎 )
= 𝑎0𝑚, 𝑓𝑜𝑟 𝑛 = 0, ∀𝑚

≥ 1 

𝑐𝑛𝑚 = 0∀𝑛 = 1, 𝑚 ≥ 1 

𝑒0𝑚 =
∫ ∫ ℎ(𝜃, 𝑧) sin (

𝑚𝜋𝑧
𝐻 ) 𝑑𝑧𝑑𝜃

𝐻

0

𝜋

−𝜋

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
=

2𝜋 ∫ sin (
𝑚𝜋𝑧

𝐻 ) 𝑑𝑧
𝐻

0

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
𝑓𝑜𝑟 𝑛 = 0, 𝑚 ≥ 1 

∫ sin (
𝑚𝜋𝑧

𝐻
) 𝑑𝑧

𝐻

0

= − cos(𝑚𝜋) + cos(0) = −(−1)𝑚 + 1 = (−1)𝑚+1 + 1 

𝑒𝑛𝑚 = 0∀𝑛 ≥ 1, 𝑚 ≥ 1 

𝑓𝑛𝑚 =
2 ∫ ∫ sin (

𝑚𝜋𝑧
𝐻 ) sin(𝑛𝜃) 𝑑𝑧𝑑𝜃

𝐻

0

𝜋

−𝜋

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
=

4[(−1)𝑚+1 + 1](−1)𝑛

𝜋𝐻𝐼𝑛 (
𝑚𝜋𝑎

𝐻 )
∀𝑛 ≥ 1, 𝑚 ≥ 1 

Testing Monte Carlo integration and Simpson’s Rule by computing the volume of a sphere 
of unit radius: 

 
𝑑𝑉 = 𝑟2 sin 𝜗𝑑𝑟𝑑𝜗𝑑𝜑 

𝑉 = ∫ ∫ ∫ 𝑟2

2𝜋

0

𝜋

0

1

0

sin 𝜗𝑑𝑟𝑑𝜗𝑑𝜑 =
1

3
∙ 2 ∙ 2𝜋 =

4𝜋

3
 

𝑉 = ∫ ∫ ∫ 𝑅(𝑟)

2𝜋

0

𝜋

0

1

0

Theta(ϑ)Phi(φ) 𝑑𝑟𝑑𝜗𝑑𝜑 



𝑉 = ∫ 𝑟2𝑑𝑟 ∙ ∫ sin 𝜗𝑑𝜗 ∙ ∫ 𝑑𝜑

2𝜋

0

𝜋

0

1

0

 

 

Notice that the minimum percent error for the Monte Carlo Method occurs at N = 19,000 
and is 0.004296%. We could improve the volume computation by using Gauss-Legendre 
quadrature. See accompanying Excel spreadsheet for more results. 

 


