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Tensor Calculus Examples I © Monday, May, 4, 2026 by James Pate Williams, Jr. 

Christoffel Symbols of the First Kind 

Reference: Tensor Calculus © 1949 by J. L. Synge and A. Schild Equation 2.421 and 
Equation 2.422 

[𝑚𝑛, 𝑟] =
1

2
(

𝜕𝑎𝑟𝑚

𝜕𝑥𝑛
+

𝜕𝑎𝑟𝑛

𝜕𝑥𝑚
−

𝜕𝑎𝑚𝑛

𝜕𝑥𝑟
) 

Christoffel Symbols of the Second Kind 

{
𝑟

𝑚𝑛
} = 𝑎𝑟𝑠[𝑚𝑛, 𝑠] 

Find the Christoffel Symbols in Confocal Parabolic Coordinates 

Parabolic coordinates - Wikipedia 
𝑥 = 𝜎𝜏 cos 𝜑 

𝑦 = 𝜎𝜏 sin 𝜑 

𝑧 =
1

2
(𝜏2 − 𝜎2) 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 +  𝑑𝑧2 

𝑑𝑥 = 𝜏 cos 𝜑 𝑑𝜎 + 𝜎 cos 𝜑𝑑𝜏 − 𝜎𝜏 sin 𝜑 𝑑𝜑 

𝑑𝑦 = 𝜏 sin 𝜑 𝑑𝜎 + 𝜎 sin 𝜑 𝑑𝜏 + 𝜎𝜏 cos 𝜑 𝑑𝜑 

𝑑𝑧 = 𝜏𝑑𝜏 − 𝜎𝑑𝜎 

𝑑𝑥2 = 𝜏2(cos 𝜑)2𝑑𝜎2 + 𝜎2(cos 𝜑)2𝑑𝜏2 + 𝜎2𝜏2(sin 𝜑)2𝑑𝜑2 

𝑑𝑦2 = 𝜏2(sin 𝜑)2𝑑𝜎2 + 𝜎2(sin 𝜑)2𝑑𝜏2 + 𝜎2𝜏2(cos 𝜑)2𝑑𝜑2 

𝑑𝑧2 = 𝜏2𝑑𝜏2 + 𝜎2𝑑𝜎2 

𝑑𝑠2 = 𝜏2𝑑𝜎2 + 𝜎2𝑑𝜏2 + 𝜎2𝜏2𝑑𝜑2 + 𝜏2𝑑𝜏2 + 𝜎2𝑑𝜎2

= (𝜎2 + 𝜏2)𝑑𝜎2 + (𝜎2 + 𝜏2)𝑑𝜏2+𝜎2𝜏2𝑑𝜑2 

𝑑𝑠2 = 𝑎𝑚𝑛𝑥𝑚𝑥𝑛, 𝑎𝑚𝑛 = 0∀𝑚 ≠ 𝑛 

𝑎𝜎𝜎 = 𝜎2 + 𝜏2 

𝑎𝜏𝜏 = 𝜎2 + 𝜏2 

𝑎𝜑𝜑 = 𝜎2𝜏2 

𝜕𝑎𝜎𝜎

𝜕𝜎
= 2𝜎 

https://en.wikipedia.org/wiki/Parabolic_coordinates
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𝜕𝑎𝜎𝜎

𝜕𝜏
= 2𝜏 

𝜕𝑎𝜏𝜏

𝜕𝜎
= 2𝜎 

𝜕𝑎𝜏𝜏

𝜕𝜏
= 2𝜏 

𝜕𝑎𝜑𝜑

𝜕𝜎
= 2𝜎𝜏2 

𝜕𝑎𝜑𝜑

𝜕𝜏
= 2𝜎2𝜏 

[𝜎𝜎, 𝜎] =
1

2
(

𝜕𝑎𝜎𝜎

𝜕𝜎
+

𝜕𝑎𝜎𝜎

𝜕𝜎
−

𝜕𝑎𝜎𝜎

𝜕𝜎
) = −𝜎 

[𝜎𝜎, 𝜏] =
1

2
(

𝜕𝑎𝜏𝜎

𝜕𝜎
+

𝜕𝑎𝜎𝜏

𝜕𝜎
−

𝜕𝑎𝜎𝜎

𝜕𝜏
) = −

1

2

𝜕𝑎𝜎𝜎

𝜕𝜏
= −𝜏 

[𝜎𝜎, 𝜑] = 0 

[𝜏𝜏, 𝜎] =
1

2

𝜕𝑎𝜏𝜏

𝜕𝜎
= 𝜎 

[𝜏𝜏, 𝜏] =
1

2
(

𝜕𝑎𝜏𝜏

𝜕𝜏
+

𝜕𝑎𝜏𝜏

𝜕𝜏
−

𝜕𝑎𝜏𝜏

𝜕𝜏
) = 𝜏 

[𝜏𝜏, 𝜑] =
1

2
(

𝜕𝑎𝜑𝜏

𝜕𝜏
+

𝜕𝑎𝜏𝜑

𝜕𝜏
−

𝜕𝑎𝜎𝜎

𝜕𝜑
) = [𝜎𝜎, 𝜑] = 0 

[𝜏𝜏, 𝜎] =
1

2

𝜕𝑎𝜏𝜏

𝜕𝜎
= 𝜎 

[𝜑𝜑, 𝜎] =
1

2
(

𝜕𝑎𝜎𝜑

𝜕𝜑
+

𝜕𝑎𝜎𝜑

𝜕𝜑
−

𝜕𝑎𝜑𝜑

𝜕𝜎
) =

1

2

𝜕𝑎𝜑𝜑

𝜕𝜎
= 𝜎𝜏2 

[𝜑𝜑, 𝜏] =
1

2
(

𝜕𝑎𝜏𝜑

𝜕𝜑
+

𝜕𝑎𝜏𝜑

𝜕𝜑
−

𝜕𝑎𝜑𝜑

𝜕𝜏
) =

1

2

𝜕𝑎𝜑𝜑

𝜕𝜏
= 𝜎2𝜏 

[𝜑𝜑, 𝜑] = 0 

𝑎𝑟𝑠 =
1

𝑎𝑟𝑠
, 𝑎𝑚𝑛 = 0∀𝑚 ≠ 𝑛 

{
𝜎

𝜎𝜎
} = 𝑎𝜎𝜎[𝜎𝜎, 𝜎] = −

𝜎

𝜎2 + 𝜏2
 

{
𝜏

𝜎𝜎
} = 𝑎𝜏𝜏[𝜎𝜎, 𝜏] = −

𝜏

𝜎2 + 𝜏2
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{
𝜎
𝜏𝜏

} = 𝑎𝜎𝜎[𝜏𝜏, 𝜎] =
𝜎

𝜎2 + 𝜏2
 

{
𝜏

𝜏𝜏
} = 𝑎𝜏𝜏[𝜏𝜏, 𝜏] =

𝜏

𝜎2 + 𝜏2
 

 

 

 

 

 


