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Blog Entry © Sunday, May 17, 2026, by James Pate Williams, Jr. Derivation of the Time 
Independent Free Particle Schrödinger Equation in Confocal Parabolic Coordinates 

References: Parabolic coordinates - Wikipedia finite difference method for the Laplace 
operator in confocal parabolic coordinates 

Parabolic coordinate PDE solutions 

𝑥 = 𝜎𝜏 cos𝜑 

𝑦 = 𝜎𝜏 sin𝜑 

𝑧 =
1

2
(𝜏2 − 𝜎2) 

𝑑𝑥2 = 𝜏2(cos𝜑)2𝑑𝜎2 + 𝜎2(cos𝜑)2𝑑𝜏2 + 𝜎2𝜏2(sin𝜑)2𝑑𝜑2 

𝑑𝑦2 = 𝜏2(sin𝜑)2𝑑𝜎2 + 𝜎2(sin𝜑)2𝑑𝜏2 + 𝜎2𝜏2(cos𝜑)2𝑑𝜑2 

𝑑𝑧2 = 𝜎2𝑑𝜎2 + 𝜏2𝑑𝜏2 

𝑑𝑠2 = 𝜏2𝑑𝜎2 + 𝜎2𝑑𝜏2 + 𝜎2𝜏2𝑑𝜑2 + 𝜎2𝑑𝜎2 + 𝜏2𝑑𝜏2

= (𝜎2 + 𝜏2)𝑑𝜎2 + (𝜎2 + 𝜏2)𝑑𝜏2 + 𝜎2𝜏2𝑑𝜑2 

𝑔𝜎𝜎 = 𝑔𝜏𝜏 = 𝜎2 + 𝜏2 

𝑔𝜑𝜑 = 𝜎2𝜏2 

ℎ𝜎 = ℎ𝜏 = √𝜎2 + 𝜏2 

ℎ𝜑 = 𝜎𝜏 

∇2=
1

ℎ𝜎ℎ𝜏ℎ𝜑
[
𝜕

𝜕𝜎
(
ℎ𝜏ℎ𝜑

ℎ𝜎

𝜕

𝜕𝜎
) +

𝜕

𝜕𝜏
(
ℎ𝜎ℎ𝜑

ℎ𝜏

𝜕

𝜕𝜏
) +

𝜕

𝜕𝜑
(
ℎ𝜎ℎ𝜏
ℎ𝜑

𝜕

𝜕𝜑
)]

=
1

(𝜎2 + 𝜏2)𝜎𝜏
[
𝜕

𝜕𝜎
(𝜎𝜏

𝜕

𝜕𝜎
) +

𝜕

𝜕𝜏
(𝜎𝜏

𝜕

𝜕𝜏
) +

𝜕

𝜕𝜑
(
𝜎2 + 𝜏2

𝜎𝜏

𝜕

𝜕𝜑
)]

=
1

(𝜎2 + 𝜏2)𝜎

𝜕

𝜕𝜎
(𝜎

𝜕

𝜕𝜎
) +

1

(𝜎2 + 𝜏2)𝜏

𝜕

𝜕𝜏
(𝜏

𝜕

𝜕𝜏
) +

1

𝜎2𝜏2
𝜕2

𝜕𝜑2
 

The free particle Schrödinger equation in confocal parabolic coordinates is as follows: 

−
ℎ2

8𝜋2𝑚
{

1

(𝜎2 + 𝜏2)𝜎

𝜕

𝜕𝜎
(𝜎

𝜕

𝜕𝜎
) +

1

(𝜎2 + 𝜏2)𝜏

𝜕

𝜕𝜏
(𝜏

𝜕

𝜕𝜏
) +

1

𝜎2𝜏2
𝜕2

𝜕𝜑2
}𝜓(𝜎, 𝜏, 𝜑) = 0 

We now use separation of variables: 

𝜓(𝜎, 𝜏, 𝜑) = Σ(𝜎, 𝜏)Φ(𝜑) 

https://en.wikipedia.org/wiki/Parabolic_coordinates
https://www.bing.com/copilotsearch?q=finite+difference+method+for+the+Laplace+operator+in+confocal+parabolic+coordinates&FORM=CSSCOP
https://www.bing.com/copilotsearch?q=finite+difference+method+for+the+Laplace+operator+in+confocal+parabolic+coordinates&FORM=CSSCOP
https://www.bing.com/copilotsearch?q=finite+difference+method+for+the+Laplace+operator+in+confocal+parabolic+coordinates&FORM=CSSCOP
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−
ℎ2

8𝜋2𝑚
{

1

(𝜎2 + 𝜏2)𝜎

𝜕

𝜕𝜎
(𝜎

𝜕

𝜕𝜎
) +

1

(𝜎2 + 𝜏2)𝜏

𝜕

𝜕𝜏
(𝜏

𝜕

𝜕𝜏
) +

1

𝜎2𝜏2
𝜕2

𝜕𝜑2
} Σ(𝜎, 𝜏)Φ(𝜑)

= −
ℎ2

8𝜋2𝑚
{

1

(𝜎2 + 𝜏2)𝜎

𝜕

𝜕𝜎
(𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
) +

1

(𝜎2 + 𝜏2)𝜏

𝜕

𝜕𝜏
(𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
)}Φ(𝜑)

−
ℎ2

8𝜋2𝑚

1

𝜎2𝜏2
𝜕2Φ(𝜑)

𝜕𝜑2
Σ(𝜎, 𝜏) 

Divide by the separate wavefunctions: 

−
ℎ2

8𝜋2𝜇

𝜎2𝜏2

Σ(𝜎, 𝜏)
{

1

(𝜎2 + 𝜏2)𝜎

𝜕

𝜕𝜎
(𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
) +

1

(𝜎2 + 𝜏2)𝜏

𝜕

𝜕𝜏
(𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
)}

=
ℎ2

8𝜋2𝜇

1

Φ(𝜑)

𝜕2Φ(𝜑)

𝜕𝜑2
= −𝜆2 

We solve the easy Phi equation: 

𝑑2Φ(𝜑)

𝑑𝜑2
+
8𝜋2𝜇𝜆2

ℎ2
Φ(𝜑) = 0 

Set the Phi multiplication constant is as illustrated: 

𝛼2 =
8𝜋2𝜇𝜆2

ℎ2
 

Φ(𝜑) = 𝐴 sin(𝛼𝜑) + 𝐵 cos(𝛼𝜑) 

𝑑Φ

𝑑𝜑
= 𝛼𝐴 cos(𝛼𝜑) − 𝛼𝐵 sin(𝛼𝜑) 

𝑑2Φ

𝑑𝜑2
= −𝛼2𝐴 sin(𝛼𝜑) − 𝛼2𝐵 cos(𝛼𝜑) 

The coupled equation is: 

−
ℎ2𝜎2𝜏2

8𝜋2𝑚
{

1

(𝜎2 + 𝜏2)𝜎

𝜕

𝜕𝜎
(𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
) +

1

(𝜎2 + 𝜏2)𝜏

𝜕

𝜕𝜏
(𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
)} + 𝜆2Σ(𝜎, 𝜏) = 0 

−
ℎ2

8𝜋2𝑚
{

𝜎𝜏2

(𝜎2 + 𝜏2)
[𝜎

𝜕2Σ(𝜎, 𝜏)

𝜕𝜎2
+
𝜕Σ(𝜎, 𝜏)

𝜕𝜎
] +

𝜎2𝜏

(𝜎2 + 𝜏2)
[𝜏
𝜕2Σ(𝜎, 𝜏)

𝜕𝜏2
+
𝜕Σ(𝜎, 𝜏)

𝜕𝜏
]}

+ 𝜆2Σ(𝜎, 𝜏) = 0 

𝜎𝜏2

(𝜎2 + 𝜏2)
[𝜎

𝜕2Σ(𝜎, 𝜏)

𝜕𝜎2
+
𝜕Σ(𝜎, 𝜏)

𝜕𝜎
] +

𝜎2𝜏

(𝜎2 + 𝜏2)
[𝜏
𝜕2Σ(𝜎, 𝜏)

𝜕𝜏2
+
𝜕Σ(𝜎, 𝜏)

𝜕𝜏
] −

8𝜋2𝜇𝜆2

ℎ2
Σ(𝜎, 𝜏) = 0 

[
𝜕2Σ(𝜎, 𝜏)

𝜕𝜎2
+
1

𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
] + [

𝜕2Σ(𝜎, 𝜏)

𝜕𝜏2
+
1

𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
] −

8𝜋2𝜇𝜆2(𝜎2 + 𝜏2)

ℎ2𝜎2𝜏2
Σ(𝜎, 𝜏) = 0 
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𝜕2Σ(𝜎, 𝜏)

𝜕𝜎2
+
1

𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
+
𝜕2Σ(𝜎, 𝜏)

𝜕𝜏2
+
1

𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
−
8𝜋2𝜇𝜆2(𝜎2 + 𝜏2)

ℎ2𝜎2𝜏2
Σ(𝜎, 𝜏) = 0 

We now compute the corresponding finite differences: 

𝜕2Σ

𝜕𝜎2
=
Σ𝑖+1,𝑗 − 2Σ𝑖,𝑗 + Σ𝑖−1,𝑗

(∆𝜎)2
 

𝜕Σ

𝜕𝜎
=
Σ𝑖+1,𝑗 − Σ𝑖−1,𝑗

2∆𝜎
 

𝜕2Σ

𝜕𝜏2
=
Σ𝑖+1,𝑗 − 2Σ𝑖,𝑗 + Σ𝑖−1,𝑗

(∆𝜏)2
 

𝜕Σ

𝜕𝜏
=
Σ𝑖+1,𝑗 − Σ𝑖−1,𝑗

2∆𝜏
 

Σ𝑖+1,𝑗 − 2Σ𝑖,𝑗 + Σ𝑖−1,𝑗
(∆𝜎)2

+
1

𝜎

Σ𝑖+1,𝑗 − Σ𝑖−1,𝑗

2∆𝜎
+
Σ𝑖+1,𝑗 − 2Σ𝑖,𝑗 + Σ𝑖−1,𝑗

(∆𝜏)2
+
1

𝜏

Σ𝑖+1,𝑗 − Σ𝑖−1,𝑗

2∆𝜏

−
8𝜋2𝜇𝜆2(𝜎2 + 𝜏2)

ℎ2𝜎2𝜏2
Σ𝑖𝑗 = 0 

The previous equations have singular coordinates at the origin. Now suppose 
asymptotically near the origin we use the following coordinate transformation: 

𝜎 = 𝑒𝑢, 𝑢 = log 𝜎, 𝜏 = 𝑒𝑣, 𝑣 = log 𝜏 

Using the chain rule differentiation formula, we obtain: 

𝜕Σ

𝜕𝜎
=
𝜕Σ

𝜕𝑢

𝜕𝑢

𝜕𝜎
=
1

𝜎

𝜕Σ

𝜕𝑢
= 𝑒−𝑢

𝜕Σ

𝜕𝑢
 

𝜕2Σ

𝜕𝜎2
=

𝜕

𝜕𝜎
(
1

𝜎

𝜕Σ

𝜕𝑢
) = −

1

𝜎2
𝜕Σ

𝜕𝑢
+
1

𝜎

𝜕2Σ

𝜕𝜎𝜕𝑢
= −𝑒−2𝑢

𝜕Σ

𝜕𝑢
+ 𝑒−𝑢

𝜕2Σ

𝜕𝑢2
 

𝑒−𝑢
𝜕2Σ

𝜕𝑢2
− 𝑒−2𝑢

𝜕Σ

𝜕𝑢
+ 𝑒−𝑣

𝜕2Σ

𝜕𝑣2
− 𝑒−2𝑣

𝜕Σ

𝜕𝑣
−
8𝜋2𝜇𝜆2(𝑒2𝑢 + 𝑒2𝑣)

ℎ2𝑒2𝑢𝑒2𝑣
Σ = 0 

We seem to have good behavior as the coordinates u and v jointly approach infinity. 

lim
𝜎,𝜏→∞

𝜎2 + 𝜏2

𝜎2𝜏2
= lim

𝜎,𝜏→∞

2𝜎 + 2𝜏

2𝜎𝜏2 + 2𝜎2𝜏
= lim

𝜎,𝜏→∞

4

2𝜏2 + 4𝜎𝜏 + 2𝜎2 + 4𝜎𝜏
= 0 

Now assume the eigenvalue lambda is zero: 

𝜕2Σ(𝜎, 𝜏)

𝜕𝜎2
+
1

𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
+
𝜕2Σ(𝜎, 𝜏)

𝜕𝜏2
+
1

𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
= 0 
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𝜕2Σ(𝜎, 𝜏)

𝜕𝜎2
+
1

𝜎

𝜕Σ(𝜎, 𝜏)

𝜕𝜎
= −

𝜕2Σ(𝜎, 𝜏)

𝜕𝜏2
−
1

𝜏

𝜕Σ(𝜎, 𝜏)

𝜕𝜏
= −𝑛2 

Σ(𝜎, 𝜏) = 𝑆(𝜎)𝑇(𝜏) 

1

𝑆
(
𝑑2𝑆

𝑑𝜎2
+
1

𝜎

𝑑𝑆

𝑑𝜎
) + 𝑛2 = 0 

1

𝑇
(
𝑑2𝑇

𝑑𝜏2
+
1

𝜏

𝑑𝑇

𝑑𝜏
) − 𝑛2 = 0 

𝑑2𝑆

𝑑𝜎2
+
1

𝜎

𝑑𝑆

𝑑𝜎
+ 𝑛2𝑆 = 0 

𝑑2𝑇

𝑑𝜏2
+
1

𝜏

𝑑𝑇

𝑑𝜏
− 𝑛2𝑇 = 0 

𝜎2
𝑑2𝑆

𝑑𝜎2
+ 𝜎

𝑑𝑆

𝑑𝜎
+ 𝑛2𝜎2𝑆 = 0 

𝜏2
𝑑2𝑇

𝑑𝜏2
+ 𝜏

𝑑𝑇

𝑑𝜏
− 𝑛2𝜎2𝑇 = 0 

𝑆(𝜎) = ∑𝑎𝑘𝜎
𝑘

∞

𝑘=0

 

𝑇(𝜏) = ∑𝑏𝑘𝜏
𝑘

∞

𝑘=0

 

∑[𝑘(𝑘 − 1)𝑎𝑘𝜎
𝑘−2 + 𝑘𝑎𝑘𝜎

𝑘−1 + 𝑛2𝜎𝑘+2𝑎𝑘] = 0

∞

𝑘=0

 

2 ∙ 1𝑎2 + 2𝑎1 + 𝑛2𝜎2𝑎0 = 0 

3 ∙ 2𝑎3 + 3𝑎2 + 𝑛2𝜎3𝑎1 = 0 

4 ∙ 3𝑎4 + 4𝑎3 + 𝑛2𝜎4𝑎2 = 0 

𝑘 ∙ (𝑘 − 1)𝑎𝑘 + 𝑘𝑎𝑘−1 + 𝑛2𝜎𝑘𝑎𝑘−2 = 0 

𝑎𝑘 = −
1

𝑘 ∙ (𝑘 − 1)
(𝑘𝑎𝑘−1 + 𝑛2𝜎𝑘𝑎𝑘−2) 

Suppose the eigenvalue n is zero: 

𝑎𝑘 = −
1

𝑘 − 1
𝑎𝑘−1 
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Let  

𝑎2 = −𝑎1 = −1 

𝑎3 =
1

2
 

𝑎4 = −
1

3 ∙ 2
 

𝑎5 =
1

4 ∙ 3 ∙ 2
 

𝑎𝑘 =
(−1)𝑘+1

(𝑘 − 1)!
∀𝑛 ≥ 2, 𝑎1 = 1 

𝑏𝑘 =
(−1)𝑘+1

(𝑘 − 1)!
∀𝑛 ≥ 2, 𝑏1 = 1 

 

 


