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Blog Entry © Monday to Tuesday, June 8 - 9, 2026, by James Pate Williams, Jr., Damped 
Newton’s Method for a System of Equations 

Reference: Elementary Numerical Analysis: An Algorithmic Approach Third Editon © 
1980 by S. D. Conte and Carl de Boor Section 5.2 pages 216 to 222 

This technique requires a system of n-equations and n-unknowns. First, we must compute 
initial values of the n-unknowns and then calculate the initial Jacobian of the system and 
its inverse. Suppose n = 2 then the Jacobian is of the form: 

𝐽 = [
𝑎 𝑏
𝑐 𝑑

] 

The inverse is: 

𝐼 =
1

𝑎𝑑 − 𝑏𝑐
[
𝑑 −𝑏
−𝑐 𝑎

] 

Now assume n = 3 and use Cramer’s Method to compute the inverse: 

𝐽 = [
𝑜 𝑝 𝑞
𝑟 𝑠 𝑡
𝑢 𝑣 𝑤

]
𝑜 𝑝
𝑟 𝑠
𝑢 𝑣

 

𝐼00 = [
1 𝑝 𝑞
0 𝑠 𝑡
0 𝑣 𝑤

]
1 𝑝
0 𝑠
0 𝑣

= 𝑠𝑤 − 𝑡𝑣 

𝐼01 = [
𝑜 1 𝑞
𝑟 0 𝑡
𝑢 0 𝑤

]
𝑜 1
𝑟 0
𝑢 0

= 𝑡𝑢 − 𝑟𝑤 

𝐼02 = [
𝑜 𝑝 1
𝑟 𝑠 0
𝑢 𝑣 0

]
𝑜 𝑝
𝑟 𝑠
𝑢 𝑣

= 𝑟𝑣 − 𝑠𝑢 

𝐼10 = [
0 𝑝 𝑞
1 𝑠 𝑡
0 𝑣 𝑤

]
0 𝑝
1 𝑠
0 𝑣

= 𝑞𝑣 − 𝑝𝑤 

𝐼11 = [
𝑜 0 𝑞
𝑟 1 𝑡
𝑢 0 𝑤

]
𝑜 0
𝑟 1
𝑢 0

= 𝑜𝑤 − 𝑞𝑢 

𝐼12 = [
𝑜 𝑝 0
𝑟 𝑠 1
𝑢 𝑣 0

]
𝑜 𝑝
𝑟 𝑠
𝑢 𝑣

= 𝑝𝑢 − 𝑜𝑣 

𝐼20 = [
0 𝑝 𝑞
0 𝑠 𝑡
1 𝑣 𝑤

]
0 𝑝
0 𝑠
1 𝑣

= 𝑝𝑡 − 𝑞𝑠 
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𝐼21 = [
𝑜 0 𝑞
𝑟 0 𝑡
𝑢 1 𝑤

]
𝑜 0
𝑟 0
𝑢 1

= 𝑞𝑟 − 𝑜𝑡 

𝐼22 = [
𝑜 𝑝 0
𝑟 𝑠 0
𝑢 𝑣 1

]
𝑜 𝑝
𝑟 𝑠
𝑢 𝑣

= 𝑜𝑠 − 𝑝𝑟 

Now we must divide the inverse matrix elements by the determinant of the system: 

𝑑𝑒𝑡 = 𝑜𝑠𝑤 + 𝑝𝑡𝑢 + 𝑞𝑟𝑣 − 𝑝𝑟𝑤 − 𝑜𝑡𝑣 − 𝑞𝑠𝑢 

𝐼𝑖𝑗 =
𝐼𝑖𝑗

𝑑𝑒𝑡
 

For n >= 4, we use an approximate Jacobian matrix based on finite differences. The first 
computation for n = 2 is Example 5.5 pages 219 to 220 in the preceding reference. It uses 
an exact Jacobian and inverse. 
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The n = 3 case is Example 5.4 found on pages 217 to 218 of the reference. 
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The final two tests use an approximate Jacobian and inverse. 
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