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Two Methods for Unconstrained Optimization 
 
Our two techniques are: 
 

1. Flemin 
2. Praxis 

We found functions implementing the two methods in the second reference previously 
mentioned. We optimize (minimize) the six functions enumerated below: 

Ackley's function: 

𝐹1 = −20𝑒−0.2√0.5(𝑥
2+𝑦2) − 𝑒0.5[cos(𝜋

2𝑥)+cos(𝜋2𝑦)] + 𝑒 + 20 

𝜕𝐹1
𝜕𝑥

= −20 [−0.2 ∙
1

2
∙
1

2
∙ 2𝑥 ∙

1

√0.5(𝑥2 + 𝑦2)
𝑒−0.2√0.5(𝑥

2+𝑦2)] +
1

2
𝜋2 sin(𝜋2𝑥)𝑒0.5 cos(𝜋

2𝑥) 

𝜕𝐹1
𝜕𝑦

= −20 [−0.2 ∙
1

2
∙
1

2
∙ 2𝑦 ∙

1

√0.5(𝑥2 + 𝑦2)
𝑒−0.2√0.5(𝑥

2+𝑦2)] +
1

2
𝜋2 sin(𝜋2𝑦)𝑒0.5cos(𝜋

2𝑦) 

Beale’s function: 

𝐹2(𝑥, 𝑦) = (1.5 − 𝑥 + 𝑥𝑦)2 + (2.25 − 𝑥 + 𝑥𝑦2)2 + (2.625 − 𝑥 + 𝑥𝑦3)2 

𝜕𝐹2
𝜕𝑥

= 2(−1 + 𝑦)(1.5 − 𝑥 + 𝑥𝑦) + (−1 + 𝑦2)(2.25 − 𝑥 + 𝑥𝑦2) + (−1

+ 𝑦3)(2.625 − 𝑥 + 𝑥𝑦3) 

𝜕𝐹2
𝜕𝑦

= 2𝑥(1.5 − 𝑥 + 𝑥𝑦) + 4𝑥𝑦(2.25 − 𝑥 + 𝑥𝑦2) + 6𝑥𝑦2(2.625 − 𝑥 + 𝑥𝑦3) 

Booth’s function: 

𝐹3(𝑥, 𝑦) = (𝑥 + 2𝑦 − 7)2 + (2𝑥 + 𝑦 − 5)2 

𝜕𝐹3
𝜕𝑥

= 2(𝑥 + 2𝑦 − 7) + 4(2𝑥 + 𝑦 − 5) 
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𝜕𝐹3
𝜕𝑦

= 4(𝑥 + 2𝑦 − 7) + 2(2𝑥 + 𝑦 − 5) 

Rosenbrock’s function : 

𝑡 = 𝑦 − 𝑥2 

𝐹4(𝑥, 𝑦) = 100𝑡2 + (1 − 𝑦)2 

𝜕𝐹4
𝜕𝑥

= 200
𝜕𝑡

𝜕𝑥
𝑡 

𝜕𝑡

𝜕𝑥
= −2𝑥 

𝜕𝐹4
𝜕𝑦

= 200
𝜕𝑡

𝜕𝑦
𝑡 − 2(1 − 𝑦) = 200𝑡 − 2(1 − 𝑦) 

𝜕𝑡

𝜕𝑦
= 1 

Hölder’s table function: 

𝐹5(𝑥, 𝑦) = − |sin(𝑥) cos(𝑦)𝑒|1−
√𝑥2+𝑦2 𝜋⁄ || 

𝑟 =
√𝑥2 + 𝑦2

𝜋
 

𝜕𝑟

𝜕𝑥
=

𝑥

𝜋𝑟
 

𝜕

𝜕𝑥
|1 − 𝑟| =

1 − 𝑟

|1 − 𝑟|
∙
𝜕𝑟

𝜕𝑥
=

1 − 𝑟

|1 − 𝑟|
∙
𝑥

𝜋𝑟
 

𝜕

𝜕𝑥
|sin(𝑥) cos(𝑦)𝑒|1−

√𝑥2+𝑦2 𝜋⁄ ||

= −
sin(𝑥) cos(𝑦)𝑒|1−

√𝑥2+𝑦2 𝜋⁄ |

|sin(𝑥) cos(𝑦)𝑒|1−
√𝑥2+𝑦2 𝜋⁄ ||

∙ [|cos(𝑥) cos(𝑦)𝑒|1−
√𝑥2+𝑦2 𝜋⁄ | +

1 − 𝑟

|1 − 𝑟|
∙
𝑥

𝜋𝑟
∙ sin(𝑥) cos(𝑦)𝑒|1−

√𝑥2+𝑦2 𝜋⁄ ||] 
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𝜕

𝜕𝑦
|sin(𝑥) cos(𝑦)𝑒|1−

√𝑥2+𝑦2 𝜋⁄ ||

= −
sin(𝑥) cos(𝑦)𝑒|1−

√𝑥2+𝑦2 𝜋⁄ |

|sin(𝑥) cos(𝑦)𝑒|1−
√𝑥2+𝑦2 𝜋⁄ ||

∙ [− |sin(𝑥) sin(𝑦) 𝑒|1−
√𝑥2+𝑦2 𝜋⁄ | +

1 − 𝑟

|1 − 𝑟|
∙
𝑦

𝜋𝑟
∙ sin(𝑥) cos(𝑦)𝑒|1−

√𝑥2+𝑦2 𝜋⁄ ||] 

McCormick’s function: 

𝐹6(𝑥, 𝑦) = sin(𝑥 + 𝑦) + (𝑥 − 𝑦)2 − 1.5𝑥 + 2.5𝑦 + 1 

𝜕𝐹6
𝜕𝑥

= cos(𝑥 + 𝑦) + 2(𝑥 − 𝑦) − 1.5 

𝜕𝐹6
𝜕𝑦

= cos(𝑥 + 𝑦) − 2(𝑥 − 𝑦) + 2.5 

Next, we present the results discovered by our Win32 C console application. 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 2 

== Function Menu == 

1 Ackley 

2 Beale 

3 Booth 

4 Rosenbrock 

5 Holder Table 

6 McCormick 

Function = 2 

test x        = +3.000000000000000e+00 

test y        = +5.000000000000000e-01 

test f(x, y)  = +0.000000000000000e+00 

test dfdx     = -0.000000000000000e+00 

test dfdy     = +0.000000000000000e+00 

start x       = -1.764046143986328e+00 

start y       = -4.365138706625569e+00 

final x       = +2.999999999999969e+00 

final y       = +4.999999999999916e-01 

final f(x, y) = +1.669426890673966e-28 

final dfdx    = -1.609823385706382e-15 

final dfdy    = -3.363975764614293e-14 
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evaluations   = 4 

runtime in s  =  0.004 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 

 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 2 

== Function Menu == 

1 Ackley 

2 Beale 

3 Booth 

4 Rosenbrock 

5 Holder Table 

6 McCormick 

Function = 3 

test x        = +1.000000000000000e+00 

test y        = +3.000000000000000e+00 

test f(x, y)  = +0.000000000000000e+00 

test dfdx     = +0.000000000000000e+00 

test dfdy     = +0.000000000000000e+00 

start x       = -6.133915219580675e+00 

start y       = +6.174810022278511e+00 

final x       = +9.999999999999996e-01 

final y       = +3.000000000000002e+00 

final f(x, y) = +1.341063538875720e-29 

final dfdx    = +1.065814103640150e-14 

final dfdy    = +1.598721155460225e-14 

evaluations   = 1 

runtime in s  =  0.001 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 
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== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 2 

== Function Menu == 

1 Ackley 

2 Beale 

3 Booth 

4 Rosenbrock 

5 Holder Table 

6 McCormick 

Function = 4 

test x        = +1.000000000000000e+00 

test y        = +1.000000000000000e+00 

test f(x, y)  = +0.000000000000000e+00 

test dfdx     = -0.000000000000000e+00 

test dfdy     = +0.000000000000000e+00 

start x       = -2.994170964690085e+01 

start y       = +7.919248023926511e+01 

final x       = -1.000000000000005e+00 

final y       = +1.000000000000012e+00 

final f(x, y) = +6.476548031864507e-28 

final dfdx    = +8.881784197001298e-13 

final dfdy    = +4.689582056016661e-13 

evaluations   = 2 

runtime in s  =  0.003 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 

 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 4 

== Function Menu == 

1 Ackley 

2 Beale 
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3 Booth 

4 Rosenbrock 

5 Holder Table 

6 McCormick 

Function = 2 

Normal Termination 

test x        = +3.000000000000000e+00 

test y        = +5.000000000000000e-01 

test f(x, y)  = +0.000000000000000e+00 

test dfdx     = -0.000000000000000e+00 

test dfdy     = +0.000000000000000e+00 

start x       = -3.174184392834254e+00 

start y       = -3.006912442396313e+00 

final x       = +3.000000000007882e+00 

final y       = +4.999999999981969e-01 

final f(x, y) = +3.355749324416854e-22 

final dfdx    = +4.550068655195119e-11 

final dfdy    = -1.733188592643812e-10 

evaluations   = 116 

runtime in s  =  0.005 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 

 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 4 

== Function Menu == 

1 Ackley 

2 Beale 

3 Booth 

4 Rosenbrock 

5 Holder Table 

6 McCormick 

Function = 3 

Normal Termination 

test x        = +1.000000000000000e+00 

test y        = +3.000000000000000e+00 

test f(x, y)  = +0.000000000000000e+00 
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test dfdx     = +0.000000000000000e+00 

test dfdy     = +0.000000000000000e+00 

start x       = -9.974974822229683e+00 

start y       = +1.271706289864802e+00 

final x       = +1.000000000000000e+00 

final y       = +3.000000000000000e+00 

final f(x, y) = +0.000000000000000e+00 

final dfdx    = +0.000000000000000e+00 

final dfdy    = +0.000000000000000e+00 

evaluations   = 119 

runtime in s  =  0.001 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 

 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 4 

== Function Menu == 

1 Ackley 

2 Beale 

3 Booth 

4 Rosenbrock 

5 Holder Table 

6 McCormick 

Function = 6 

Normal Termination 

test x        = -5.471900000000000e-01 

test y        = -1.547190000000000e+00 

test f(x, y)  = -1.913222954882274e+00 

test dfdx     = +1.307911318515487e-05 

test dfdy     = +1.307911318537691e-05 

start x       = -1.493118076113163e+00 

start y       = +9.450972014526808e-01 

final x       = -5.471976961010339e-01 

final y       = -1.547197696069247e+00 

final f(x, y) = -1.913222954981000e+00 

final dfdx    = -2.510178698234000e-07 

final dfdy    = -2.508907224196832e-07 
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evaluations   = 122 

runtime in s  =  0.001 

== Method Menu == 

1 steepest descent 

2 flemin 

3 mininder 

4 praxis 

5 Exit 

Method = 

 

Back in 2015 I created a C# program that performs unconstrained optimization 
(minimization): 
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