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Blog Entry © Thursday, June 18, 2026, by James Pate Williams, Jr. Fourier Series
Interpolation of Simple Polynomials

Reference: Fourier Series and Boundary Value Problems Third Edition © 1978 Ruel V.
Churchill and James Ward Brown

Our Fourier Series is defined as follows:

f(x) =aqg+ Z a, cos(nx) + b, sin(nx),x € [—m,m)

n=1

1 Tl.'
ao =5 ff(x)dx

[
1
tn = — ff(x) cos(nx)dx,n=1,x € [-m,m)
-TT

TL'
1
b, = - ff(x) sin(nx)dx,n > 1,x € [-m, )
-

Suppose our functions have the following form:

e

X
fO)=—e€{1234]
Now assume the exponent e is 3:
1 ; 1
— 37, — 4 4y —
ao—ﬁjx dx—@(n -7 )—0

1
n = — fx3 cos(nx) dx

4
-1

J cos(nx) dx = %sin(nx)

1 1
—J sin(nx) dx = —— cos(nx)
n n

1
_ﬁj cos(nx) dx = —Esin(nx)

1
- FJ sin(nx) dx = FCOS(WC)
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1
Ff cos(nx) dx = Esin(nx)

x3 x? 6x 6
f x3 cos(nx) dx = — — cos(nx) + —5-sin(nx) — — cos(nx) + — sin(nx)
n n n n
1 3 6m 3 6m
an =—; —Fcos(nn) — ?cos(nn) + ﬁcos(mr) + Fcos(‘rm) =0
T
1 .
b, = = fx3 sin(nx) dx
—TT
1
f sin(nx) dx = —Ecos(nx)
_ZJ cos(nx) dx = —ﬁsin(nx)
1 (.
— —Zj sin(nx) dx = — cos(nx)
n n
1 1
Fj cos(nx) =Fsm(nx)
5 x3 z 6x 6
fx sin(nx) dx = — 7cos(nx) + ?sm(nx) +$cos(nx) — Fsm(nx)
1[ nd 3 6m 6m
b, = — |~ —cos(nm) — — cos(nm) + —; cos(nm) + — cos(nm)
/i1 n n n n
3 2(_1)n+1 12(_1)n+1
T onm n3m3

b;~ + 0.2496013591
b,~ —0.2699325845
b;~ + 0.1978725755
b,~—0.1531077804
bs~ + 0.1242278072
bg~ —0.1043115435
Using 1000 Simpson’s Rule steps and 15 Fourier terms we obtain the following table:

a[ 0]
al[ 1]

+0.0000000000
-0.0000000000 b[ 1] = +0.2496013592



al 2]
a[ 3]
al[ 4]
a[ 5]
a[ 6]
a[ 7]
al[ 8]
al[ 9]
a[lo]
a[ll]
a[l2]
a[l3]
a[l4]
a[l5]

.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000

b[
b[
b[
b[
b[
b[
b[
b[

2]
3]
4]
5]
6]
7]
8]
9]

b[10]
b[11]
b[12]
b[13]
b[14]
b[15]

.2699325846
.1978725756
.1531077807
.1242278078
.1043115446
.0898173500
.0788215790
.0702046447
.0632749642
.0575837593
.0528276881
.0487946060
.0453318142
.0423266645
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Utilizing 2000 Simpson’s Rule steps and 25 Fourier terms yields the tabular results:

al[ 0]
al 1]
al[ 2]
al 3]
al 4]
al[ 5]
a[ 6]
al 7]
a[ 8]
al 9]
a[l1l0]
a[ll]
a[l2]
a[l1l3]
a[l4]
a[l5]
a[le6]
a[l7]
a[1l8]
a[l1l9]
a[20]
a[21]
al[22]
a[23]
al[24]
a[25]

+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.

0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000
0000000000

b[
b[
b[
b[
b[
b[
b[
b[
b[

1]
2]
3]
4]
5]
6]
7]
8]
9]

b[10]
b[11]
b[12]
b[13]
b[14]
b[15]
b[16]
b[17]
b[18]
b[19]
b[20]
b[21]
b[22]
b[23]
b[24]
b[25]

+0.
-0.
+0.
-0.
+0.
-0.
.0898173483
.0788215764
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.
-0.
+0.

+0
-0

2496013592
2699325845
1978725755
1531077804
1242278072
1043115436

0702046411
0632749592
0575837526
0528276793
0487945948
0453318001
0423266472
0396942503
0373694492
0353014059
0334498813
0317826141
0302734403
0289009195
0276473159
0264978325
0254400271
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| m7 fx) = x*3
|

+1.069

+0.802

+0.534

+0.267

+0.000 M’Mf

-0.267

-0.534 /

-0.802

/
-3.1416 -2.3562 -1.5708 -0.7854 0.0000 0.7854 1.5708 2.3562 3.1

L

Next, we graph our trigonometric interpolations. Notice for odd exponents Gibb’s
Overshoot Phenomena are clearly illustrated:
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B Input Dialog

n—-S5tceps

n-Terms

Draw

1000

15

Table

—Function Type Choice

" fix) = (x/pi)*~1l
i fix) = (xfpi)"~2
i £ix) = (x/pi)"3
i flx) = (x/pi)"4
OK Cancel




fx) = ™1

0]
1]
2]
3]
4]
5]
6]
7]
8]
9]

+1.116

+0.837

+0.558

+0.279

+0.000

-0.279

-0.558

-0.837

-3.1416

|
+
o

nnu
<+
o

1 [ | I | I |
1
o
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e

e

N

vl

-2.3562

.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000

-1.5

bl
b[
b[
b[
b[
b[
b[
b[
bl

708 -0.7854  0.0000
1] = +0.6366197724
2] = -0.3183098862
3] = +0.2122065909
4] = -0.1591549434
5] = +0.1273239552
6] = -0.1061032966
71 = +0.0909456837
8] = -0.0795774744
9] = +0.0707355343

0.7854

1.5708

2.3562

3.1



a[lo]
a[ll]
a[l2]
a[l3]
a[l4]
a[l5]

a[ 0]
al[ 1]
al[ 2]
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= +0.0000000000 b[10] = -0.0636619828
= -0.0000000000 b[11l] = +0.0578745321
= +0.0000000000 b[12] = -0.0530516572
= -0.0000000000 b[13] = +0.0489707638
= +0.0000000000 b[14] = -0.0454728560
= -0.0000000000 b[15] = +0.0424413368
+0.974
+0.852
+0.730 \ /
+0.608 \ /
+0.487 \\ //
+0.365 \ /
+0.243
+0.121 \ /
-3.1416 -2.3562 -1.5708 -0.7854 0.0000 0.7854 1.5708 2.3562 3.1,
= +0.3333333333
= -0.4052847346 b[ 1] = -0.0000000000
= +0.1013211836 b[ 2] = -0.0000000000



al[ 3]
al[ 4]
a[ 5]
a[ 6]
al 7]
al[ 8]
al 9]
a[l0]
a[ll]
a[l2]
a[l1l3]
a[l4]
a[l5]

.0450316371
.0253302957
.0162113891
.0112579089
.0082711165
.0063325733
.0050035144
.0040528463
.0033494593
.0028144758
.0023981327
.0020677772
.0018012631

b[
b[
b[
b[
b[
b[
b[

3]
4]
5]
6]
7]
8]
9]

b[10]
b[11]
b[12]
b[13]
b[14]
b[15]

.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
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flx) = x4
+0.948
+0.829
+0.710 \
+0.592 \
+0.473 \
+0.354 \
+0.236 \
+0.117 \ /
-3.1416 -2.3h62 -1.5708 -0.7854 0.0000 0.7854 1.5708 2.3562 3.1
0] = +0.2000000000
1] = -0.3178023209 b[ 1] = +0.0000000000
2] = +0.1718444204 b[ 2] = -0.0000000000
3] = -0.0839797291 b[ 3] = +0.0000000000
4] = +0.0487357198 b[ 4] = -0.0000000000
5] = -0.0316343508 b[ 5] = +0.0000000000
6] = +0.0221355963 b[ 6] = -0.0000000000
7] = -0.0163369989 b[ 7] = +0.0000000000
8] = +0.0125448421 b[ 8] = -0.0000000000
9] = -0.0099319233 b[ 9] = +0.0000000000



a[lo]
a[ll]
a[l2]
a[l3]
a[l4]
a[l5]

.0080564159
.0066652620
.0056051878
.0047790123
.0041227273
.0035927926

b[10]
b[11]
b[12]
b[13]
b[14]
b[15]

.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
.0000000000
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