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Permutations 
 
There are n-factorial permutations of n numbers 1, 2, …, n. 

1 12 

2 21 

 

1 123 

2 132 

3 213 

4 231 

5 312 

6 321 

 

1 1234 

2 1243 

3 1324 

4 1342 

5 1423 

6 1432 

7 2134 

8 2143 

9 2341 

10 2314 

11 2134 

12 2143 

13 3124 

14 3214 
15 3241 

16 3412 

17 3421 

18 3123 

19 4123 

20 4132 

22 4213 

22 4231 

23 4312 

24 4321 

 



Page 2 of 3 
 

Commutators 

[𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴 

[𝐴, 𝐵𝐶] = 𝐴𝐵𝐶 − 𝐵𝐴𝐶 + 𝐵𝐴𝐶 − 𝐵𝐶𝐴 = [𝐴, 𝐵]𝐶 + 𝐵[𝐴, 𝐶] 

𝑝 = −𝑖ℏ
𝜕

𝜕𝑥
 

[𝑥, 𝑝]𝑓(𝑥) = 𝑥𝑝𝑓(𝑥) − 𝑝𝑥𝑓(𝑥) = −𝑖ℏ𝑥
𝜕𝑓

𝜕𝑥
+ 𝑖ℏ𝑥

𝜕𝑓

𝜕𝑥
+ 𝑖ℏ𝑓(𝑥) ∴ [𝑥, 𝑝] = 𝑖ℏ 

One-Dimensional Hamiltonian in Quantum Mechanics 

𝐻 = 𝑇 + 𝑉 =
1

2𝑚
𝑝2 + 𝑉 =

𝑖2ℏ2

2𝑚

𝜕2

𝜕𝑥2
+ 𝑉(𝑥) = −

ℏ2

2𝑚

𝜕2

𝜕𝑥2
+ 𝑉(𝑥) 

Laplacian Operator in General Three-Dimensional Orthogonal Coordinates 

𝛻2 =
1

ℎ1ℎ2ℎ3
[
𝜕

𝜕𝑢1
(
ℎ2ℎ3
ℎ1

𝜕

𝜕𝑢1
) +

𝜕

𝜕𝑢2
(
ℎ1ℎ3
ℎ2

𝜕

𝜕𝑢2
) +

𝜕

𝜕𝑢3
(
ℎ1ℎ2
ℎ3

𝜕

𝜕𝑢3
)] 

 
Next, we compute the Laplacian Operator in Spherical Coordinates: 

𝑥 = 𝑟 sin(𝜗) cos(𝜑) 

𝑦 = 𝑟 sin(𝜗) sin(𝜑) 

𝑧 = 𝑟 cos(𝜗) 

Now calculate the line element: 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 

𝑑𝑥2 = [sin(𝜗)]2[cos(𝜑)]2𝑑𝑟2 + 𝑟2[cos(𝜗)]2[cos(𝜑)]2𝑑𝜗2 + 𝑟2[sin(𝜗)]2[sin(𝜑)]2𝑑𝜑2 +⋯ 

𝑑𝑦2 = [sin(𝜗)]2[sin(𝜑)]2𝑑𝑟2 + 𝑟2[cos(𝜗)]2[sin(𝜑)]2𝑑𝜗2 + 𝑟2[sin(𝜗)]2[cos(𝜑)]2𝑑𝜑2 +⋯ 

𝑑𝑧2 = [cos(𝜗)]2𝑑𝑟2 + 𝑟2[sin(𝜗)]2𝑑𝜗2 +⋯ 

𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑𝜗2 + 𝑟2[sin(𝜗)]2𝑑𝜑2 

The ellipsis stands for mixed differentials: 

ℎ𝑟 = 1, ℎ𝜗 = 𝑟, ℎ𝜑 = 𝑟 sin(𝜗) 

𝛻2 =
1

𝑟2 sin(𝜗)
{
𝜕

𝜕𝑟
[𝑟2 sin(𝜗)

𝜕

𝜕𝑟
] +

𝜕

𝜕𝜗
[sin(𝜗)

𝜕

𝜕𝜗
] +

1

sin(𝜗)

𝜕2

𝜕𝜑2
}

=
1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕

𝜕𝑟
) +

1

𝑟2 sin(𝜗)

𝜕

𝜕𝜗
[sin(𝜗)

𝜕

𝜕𝜗
] +

1

𝑟2[sin(𝜗)]2
𝜕2

𝜕𝜑2
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The Schrödinger equation for the hydrogen-like atom of Z = 1 atomic number is as follows: 

−
ℏ2

2𝜇

1

𝑟2 sin(𝜗)
{
𝜕

𝜕𝑟
[𝑟2 sin(𝜗)

𝜕𝜓

𝜕𝑟
] −

ℏ2

2𝜇

𝜕

𝜕𝜗
[sin(𝜗)

𝜕𝜓

𝜕𝜗
] −

ℏ2

2𝜇

1

sin(𝜗)

𝜕2𝜓

𝜕𝜑2
} −

𝑍𝑒2𝜓

𝑟
= 𝐸𝜓 

−
ℏ2

2𝜇

1

𝑟2
𝜕

𝜕𝑟
(𝑟2

𝜕𝜓

𝜕𝑟
) −

ℏ2

2𝜇

1

𝑟2 sin(𝜗)

𝜕

𝜕𝜗
[sin(𝜗)

𝜕𝜓

𝜕𝜗
] −

ℏ2

2𝜇

1

𝑟2[sin(𝜗)]2
𝜕2𝜓

𝜕𝜑2
−
𝑍𝑒2𝜓

𝑟
= 𝐸𝜓 

Where the reduced mass is in terms of the electron mass and the proton mass: 

1

𝜇
=

1

𝑚𝑒
+

1

𝑚𝑝
 

Suppose the following holds: 

𝜓(𝑟, 𝜗, 𝜑) = 𝑅(𝑟)Θ(𝜗, 𝜑) 

The equation is partially separable: 

−
1

𝑟2𝑅

𝜕

𝜕𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) +

2𝜇𝑍𝑒2

ℏ2𝑟
+
2𝜇𝐸

ℏ2𝑟
= −𝜆2 

1

𝑟2Θ sin(𝜗)

𝜕

𝜕𝜗
[sin(𝜗)

𝜕Θ

𝜕𝜗
] +

1

𝑟2Θ[sin(𝜗)]2
𝜕2Θ

𝜕𝜑2
= −𝜆2 

For the rest of the solution refer to Schiff or any other decent quantum mechanics or 
quantum chemistry textbook. 

 

 

 



   [ A , B ] = A B − B A


   [ A , B C ] = A B C − B A C + B A C − B C A =  [ A , B ] C + B  [ A , C ]


   [ A , B C ] = A B C − B A C + B A C − B C A =  [ A , B ] C + B  [ A , C ]


  p = − i ℏ   𝜕  𝜕 x


  p = − i ℏ   𝜕  𝜕 x


   [ x ,   p ] f  ( x ) = x p f  ( x ) − p x f  ( x ) = − i ℏ x   𝜕 f  𝜕 x + i ℏ x   𝜕 f  𝜕 x + i ℏ f  ( x ) ∴  [ x ,   p ] = i ℏ


   [ x ,   p ] f  ( x ) = x p f  ( x ) − p x f  ( x ) = − i ℏ x   𝜕 f  𝜕 x + i ℏ x   𝜕 f  𝜕 x + i ℏ f  ( x ) ∴  [ x ,   p ] = i ℏ


  H = T + V =  1  2 m   p 2 + V =     i 2  ℏ 2  2 m     𝜕 2  𝜕   x 2 + V  ( x ) = −    ℏ 2  2 m     𝜕 2  𝜕   x 2 + V ( x )


    𝛻 2 =  1   h 1  h 2  h 3  [   𝜕  𝜕   u 1  (    h 2  h 3   h 1   𝜕  𝜕   u 1 ) +   𝜕  𝜕   u 2  (    h 1  h 3   h 2   𝜕  𝜕   u 2 ) +   𝜕  𝜕   u 3  (    h 1  h 2   h 3   𝜕  𝜕   u 3 ) ]


  x = r  sin ⁡   ( 𝜗 )  cos ⁡   ( 𝜑 )


  y = r  sin ⁡   ( 𝜗 )  sin ⁡   ( 𝜑 )


  y = r  sin ⁡   ( 𝜗 )  sin ⁡   ( 𝜑 )


  z = r  cos ⁡   ( 𝜗 )


  z = r  cos ⁡   ( 𝜗 )


  d   s 2 =   d x 2 +   d y 2 +   d z 2


    d x 2 =    [  sin ⁡   ( 𝜗 ) ] 2    [  cos ⁡   ( 𝜑 ) ] 2   d r 2 +   r 2    [  cos ⁡   ( 𝜗 ) ] 2    [  cos ⁡   ( 𝜑 ) ] 2   d 𝜗 2 +   r 2    [  sin ⁡   ( 𝜗 ) ] 2    [  sin ⁡   ( 𝜑 ) ] 2   d 𝜑 2 + …


    d x 2 =    [  sin ⁡   ( 𝜗 ) ] 2    [  cos ⁡   ( 𝜑 ) ] 2   d r 2 +   r 2    [  cos ⁡   ( 𝜗 ) ] 2    [  cos ⁡   ( 𝜑 ) ] 2   d 𝜗 2 +   r 2    [  sin ⁡   ( 𝜗 ) ] 2    [  sin ⁡   ( 𝜑 ) ] 2   d 𝜑 2 + …


    d y 2 =    [  sin ⁡   ( 𝜗 ) ] 2    [  sin ⁡   ( 𝜑 ) ] 2   d r 2 +   r 2    [  cos ⁡   ( 𝜗 ) ] 2    [  sin ⁡   ( 𝜑 ) ] 2   d 𝜗 2 +   r 2    [  sin ⁡   ( 𝜗 ) ] 2    [  cos ⁡   ( 𝜑 ) ] 2   d 𝜑 2 + …


    d y 2 =    [  sin ⁡   ( 𝜗 ) ] 2    [  sin ⁡   ( 𝜑 ) ] 2   d r 2 +   r 2    [  cos ⁡   ( 𝜗 ) ] 2    [  sin ⁡   ( 𝜑 ) ] 2   d 𝜗 2 +   r 2    [  sin ⁡   ( 𝜗 ) ] 2    [  cos ⁡   ( 𝜑 ) ] 2   d 𝜑 2 + …


    d z 2 =    [  cos ⁡   ( 𝜗 ) ] 2   d r 2 +     r 2  [  sin ⁡   ( 𝜗 ) ] 2   d 𝜗 2 + …


    d z 2 =    [  cos ⁡   ( 𝜗 ) ] 2   d r 2 +     r 2  [  sin ⁡   ( 𝜗 ) ] 2   d 𝜗 2 + …


  d   s 2 =   d r 2 +   r 2   d 𝜗 2 +   r 2    [  sin ⁡   ( 𝜗 ) ] 2   d 𝜑 2


  d   s 2 =   d r 2 +   r 2   d 𝜗 2 +   r 2    [  sin ⁡   ( 𝜗 ) ] 2   d 𝜑 2


   h  r = 1 ,  h  𝜗 = r ,  h  𝜑 = r  sin ⁡   ( 𝜗 )


    𝛻 2 =  1    r 2  sin ⁡   ( 𝜗 )  {   𝜕  𝜕 r  [   r 2  sin ⁡   ( 𝜗 )   𝜕  𝜕 r ] +   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗 ] +  1   sin ⁡   ( 𝜗 )     𝜕 2    𝜕 𝜑 2 } =  1    r 2   𝜕  𝜕 r  (   r 2   𝜕  𝜕 r ) +  1    r 2  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗 ] +  1    r 2    [  sin ⁡   ( 𝜗 ) ] 2     𝜕 2    𝜕 𝜑 2


    𝛻 2 =  1    r 2  sin ⁡   ( 𝜗 )  {   𝜕  𝜕 r  [   r 2  sin ⁡   ( 𝜗 )   𝜕  𝜕 r ] +   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗 ] +  1   sin ⁡   ( 𝜗 )     𝜕 2    𝜕 𝜑 2 } =  1    r 2   𝜕  𝜕 r  (   r 2   𝜕  𝜕 r ) +  1    r 2  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗 ] +  1    r 2    [  sin ⁡   ( 𝜗 ) ] 2     𝜕 2    𝜕 𝜑 2


  −    ℏ 2  2 𝜇  1    r 2  sin ⁡   ( 𝜗 )  {   𝜕  𝜕 r  [   r 2  sin ⁡   ( 𝜗 )   𝜕 𝜓  𝜕 r ] −    ℏ 2  2 𝜇   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕 𝜓  𝜕 𝜗 ] −    ℏ 2  2 𝜇  1   sin ⁡   ( 𝜗 )     𝜕 2 𝜓    𝜕 𝜑 2 } −   Z   e 2 𝜓  r = E 𝜓


  −    ℏ 2  2 𝜇  1    r 2   𝜕  𝜕 r  (   r 2   𝜕 𝜓  𝜕 r ) −    ℏ 2  2 𝜇  1    r 2  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕 𝜓  𝜕 𝜗 ] −    ℏ 2  2 𝜇  1    r 2    [  sin ⁡   ( 𝜗 ) ] 2     𝜕 2 𝜓    𝜕 𝜑 2 −   Z   e 2 𝜓  r = E 𝜓


  −    ℏ 2  2 𝜇  1    r 2   𝜕  𝜕 r  (   r 2   𝜕 𝜓  𝜕 r ) −    ℏ 2  2 𝜇  1    r 2  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕 𝜓  𝜕 𝜗 ] −    ℏ 2  2 𝜇  1    r 2    [  sin ⁡   ( 𝜗 ) ] 2     𝜕 2 𝜓    𝜕 𝜑 2 −   Z   e 2 𝜓  r = E 𝜓


   1  𝜇 =  1    m  e +  1    m  p


  𝜓  ( r ,   𝜗 , 𝜑 ) = R ( r ) Θ ( 𝜗 , 𝜑 )


  −  1    r 2 R   𝜕  𝜕 r  (   r 2   𝜕 R  𝜕 r ) +   2 𝜇 Z   e 2   ℏ 2 r +   2 𝜇 E   ℏ 2 r = −   𝜆 2


   1    r 2 Θ  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕 Θ  𝜕 𝜗 ] +  1    r 2 Θ    [  sin ⁡   ( 𝜗 ) ] 2     𝜕 2 Θ    𝜕 𝜑 2 = −   𝜆 2


   1    r 2 Θ  sin ⁡   ( 𝜗 )   𝜕  𝜕 𝜗  [  sin ⁡   ( 𝜗 )   𝜕 Θ  𝜕 𝜗 ] +  1    r 2 Θ    [  sin ⁡   ( 𝜗 ) ] 2     𝜕 2 Θ    𝜕 𝜑 2 = −   𝜆 2

