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𝑦′′ − 9𝑦 = −6cos(3𝑥) , 𝑦(0) = 1, 𝑦′(0) = 1 

According to the first reference the general solution is: 

𝑦(𝑥) = 𝑐1𝑒
3𝑥 + 𝑐2𝑒

−3𝑥 +
1

3
cos(3𝑥) 

𝑦′(𝑥) = 3𝑐1𝑒
3𝑥 − 3𝑐2𝑒

−3𝑥 − sin(3𝑥) 

𝑐1 + 𝑐2 +
1

3
= 1 

3𝑐1 − 3𝑐2 = 1 

𝑐1 + 𝑐2 =
2

3
 

𝑐1 − 𝑐2 =
1

3
 

2𝑐1 = 1, 𝑐1 =
1

2
 

𝑐2 =
2

3
−
1

2
=
4

6
−
3

6
=
1

6
 

𝑦(𝑥) =
1

2
𝑒3𝑥 +

1

6
𝑒−3𝑥 +

1

3
cos(3𝑥) 

More generally we have: 

𝑀 = [
𝑎 𝑏
𝑐 𝑑

] 

|
𝑎 𝑏
𝑐 𝑑

| = 𝑎𝑑 − 𝑏𝑐 

𝑀−1 =
1

𝑎𝑑 − 𝑏𝑐
[
𝑑 −𝑏
−𝑐 𝑎

] 

Now we develop an infinite power series solution using Frobenius Method: 
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𝑦(𝑥) = ∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

 

𝑦′(𝑥) = ∑𝑛𝑎𝑛𝑥
𝑛−1

∞

𝑛=0

 

𝑦′′(𝑥) = ∑𝑛(𝑛 − 1)𝑎𝑛𝑥
𝑛−2

∞

𝑛=0

 

𝑛 = 𝑚 + 2, 𝑛 − 2 = 𝑚 

𝑓(𝑥) = cos(3𝑥) 

𝑓′(𝑥) = −3 sin(3𝑥) 

𝑓′′(𝑥) = −9 cos(3𝑥) 

𝑓′′′(𝑥) = 27 sin(3𝑥) 

𝑓𝑖𝑣(𝑥) = 81 cos(3𝑥) 

𝑓𝑣(𝑥) = −243 sin(3𝑥) 

𝑓𝑣𝑖(𝑥) = −729 cos(3𝑥) 

𝑓𝑛(𝑥) = (−1)𝑛32𝑛 cos(3𝑥) 

𝑓(𝑥) = −6cos(3𝑥) = −6∑
(−1)𝑛32𝑛

(2𝑛)!
𝑥2𝑛

∞

𝑛=0

 

(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2 − 9𝑎𝑛 = 0 

𝑎𝑛+2 =
9𝑎𝑛

(𝑛 + 2)(𝑛 + 1)
 

𝑎0 = 𝑎1 = 1 

𝑎2 =
9

2
 

𝑎3 =
9

6
 

𝑎4 =
9

4 ∙ 3
∙
9

2
=
27

8
 

𝑎5 =
9

5 ∙ 4
∙
9

6
=

81

120
 



∑(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2𝑥
𝑛 − 9𝑎𝑛𝑥

𝑛 =

∞

𝑛=0

−6cos(3𝑥) = −6∑
(−1)𝑛32𝑛

(2𝑛)!
𝑥2𝑛

∞

𝑛=0

 

(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2 − 9𝑎𝑛 = −
6(−1)𝑛32𝑛

(2𝑛)!
 

𝑎𝑛+2 =
9𝑎𝑛 − 6(−1)𝑛32𝑛/(2𝑛)!

(𝑛 + 2)(𝑛 + 1)
 

𝑦(𝑥) =
1

2
𝑒3𝑥 +

1

6
𝑒−3𝑥 + 9𝑒𝑥 

𝑦′′(𝑥) = 0 + 9𝑒𝑥 = 9𝑒𝑥  

𝑎𝑛+2 =
𝑎𝑛

(𝑛 + 2)(𝑛 + 1)
+

9

𝑛!
 

 



 

 

 



 



 



 



 



    y  ′ ′ − 9 y = − 6  cos ⁡   ( 3 x ) , y  ( 0 ) = 1 ,     y ′  ( 0 ) = 1


  y  ( x ) =   c 1   e  3 x +   c 2   e  − 3 x +  1 3  cos ⁡   ( 3 x )


    y ′  ( x ) = 3   c 1   e  3 x − 3   c 2   e  − 3 x −  sin ⁡   ( 3 x )


    y ′  ( x ) = 3   c 1   e  3 x − 3   c 2   e  − 3 x −  sin ⁡   ( 3 x )


    c 1 +   c 2 +  1 3 = 1


    c 1 +   c 2 +  1 3 = 1


  3   c 1 − 3   c 2 = 1


  3   c 1 − 3   c 2 = 1


    c 1 +   c 2 =  2 3


    c 1 +   c 2 =  2 3


    c 1 −   c 2 =  1 3


    c 1 −   c 2 =  1 3


  2   c 1 = 1 ,     c 1 =  1 2


  2   c 1 = 1 ,     c 1 =  1 2


    c 2 =  2 3 −  1 2 =  4 6 −  3 6 =  1 6


    c 2 =  2 3 −  1 2 =  4 6 −  3 6 =  1 6


  y  ( x ) =  1 2   e  3 x +  1 6   e  − 3 x +  1 3  cos ⁡   ( 3 x )


  y  ( x ) =  1 2   e  3 x +  1 6   e  − 3 x +  1 3  cos ⁡   ( 3 x )


  M =  [    a  b   c  d ]


   |    a  b   c  d | = a d − b c


   |    a  b   c  d | = a d − b c


    M  − 1 =  1  a d − b c  [    d  − b   − c  a ]


    M  − 1 =  1  a d − b c  [    d  − b   − c  a ]


  y  ( x ) =   ∑  n = 0 ∞    a  n   x  n


  y ′  ( x ) =   ∑  n = 0 ∞    n a  n   x  n − 1


  y ′  ( x ) =   ∑  n = 0 ∞    n a  n   x  n − 1


    y  ′ ′ ( x ) =   ∑  n = 0 ∞  n ( n − 1 )   a  n   x  n − 2


    y  ′ ′ ( x ) =   ∑  n = 0 ∞  n ( n − 1 )   a  n   x  n − 2


  n = m + 2 , n − 2 = m


  n = m + 2 , n − 2 = m


  f  ( x ) =  cos ⁡   ( 3 x )


  f  ( x ) =  cos ⁡   ( 3 x )


    f ′  ( x ) = − 3  sin ⁡   ( 3 x )


    f ′  ( x ) = − 3  sin ⁡   ( 3 x )


    f  ′ ′ ( x ) = − 9  cos ⁡   ( 3 x )


    f  ′ ′ ( x ) = − 9  cos ⁡   ( 3 x )


    f ′ ′ ′  ( x ) = 27  sin ⁡   ( 3 x )


    f ′ ′ ′  ( x ) = 27  sin ⁡   ( 3 x )


    f  i v  ( x ) = 81  cos ⁡   ( 3 x )


    f  i v  ( x ) = 81  cos ⁡   ( 3 x )


    f  v  ( x ) = − 243  sin ⁡   ( 3 x )


    f  v  ( x ) = − 243  sin ⁡   ( 3 x )


    f  v i  ( x ) = − 729  cos ⁡   ( 3 x )


    f  v i  ( x ) = − 729  cos ⁡   ( 3 x )


    f  n  ( x ) =    ( − 1 )  n  3  2 n  cos ⁡   ( 3 x )


    f  n  ( x ) =    ( − 1 )  n  3  2 n  cos ⁡   ( 3 x )


  f  ( x ) =   − 6 cos ⁡   ( 3 x ) = − 6   ∑  n = 0 ∞       ( − 1 )  n  3  2 n  ( 2 n ) !   x  2 n


  f  ( x ) =   − 6 cos ⁡   ( 3 x ) = − 6   ∑  n = 0 ∞       ( − 1 )  n  3  2 n  ( 2 n ) !   x  2 n


   ( n + 2 )  ( n + 1 )   a  n + 2 − 9   a  n = 0


   ( n + 2 )  ( n + 1 )   a  n + 2 − 9   a  n = 0


    a  n + 2 =   9   a  n   ( n + 2 )  ( n + 1 )


    a  n + 2 =   9   a  n   ( n + 2 )  ( n + 1 )


    a 0 =   a 1 = 1


    a 0 =   a 1 = 1


    a 2 =  9 2


    a 2 =  9 2


    a 3 =  9 6


    a 3 =  9 6


    a 4 =  9  4 ∙ 3 ∙  9 2 =  27 8


    a 4 =  9  4 ∙ 3 ∙  9 2 =  27 8


    a 5 =  9  5 ∙ 4 ∙  9 6 =  81 120


    a 5 =  9  5 ∙ 4 ∙  9 6 =  81 120


    ∑  n = 0 ∞   ( n + 2 )  ( n + 1 )   a  n + 2   x  n − 9   a  n   x  n =   − 6 cos ⁡   ( 3 x ) = − 6   ∑  n = 0 ∞       ( − 1 )  n  3  2 n  ( 2 n ) !   x  2 n


   ( n + 2 )  ( n + 1 )   a  n + 2 − 9   a  n = −     6  ( − 1 )  n  3  2 n  ( 2 n ) !


   ( n + 2 )  ( n + 1 )   a  n + 2 − 9   a  n = −     6  ( − 1 )  n  3  2 n  ( 2 n ) !


    a  n + 2 =   9   a  n −   6  ( − 1 )  n  3  2 n / ( 2 n ) !   ( n + 2 )  ( n + 1 )


    a  n + 2 =   9   a  n −   6  ( − 1 )  n  3  2 n / ( 2 n ) !   ( n + 2 )  ( n + 1 )


  y  ( x ) =  1 2   e  3 x +  1 6   e  − 3 x + 9   e  x


  y  ( x ) =  1 2   e  3 x +  1 6   e  − 3 x + 9   e  x


    y  ′ ′  ( x ) = 0 + 9   e  x = 9   e  x


    y  ′ ′  ( x ) = 0 + 9   e  x = 9   e  x


    a  n + 2 =     a  n   ( n + 2 )  ( n + 1 ) +  9  n !


    a  n + 2 =     a  n   ( n + 2 )  ( n + 1 ) +  9  n !

