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Particle Schrödinger Equation in Confocal Parabolic Coordinates 

References: Parabolic coordinates - Wikipedia Orthogonal coordinates - Wikipedia 

This is the corrected version of the work done while waiting for lunch to be served at 
Country’s Barbecue on Sunday, August 2, 2026. I botched my standard paper airplane and 
accompanying handwritten text. 

𝑥 =  𝜎𝜏 cos 𝜑 
𝑦 = 𝜎𝜏 sin 𝜑 

𝑧 =
1

2
(𝜏2 − 𝜎2) 

𝑑𝑥 = 𝜏 cos 𝜑𝑑𝜎 + 𝜎 cos 𝜑 𝑑𝜏 − 𝜎𝜏 sin 𝜑𝑑𝜑 

𝑑𝑦 = 𝜏 sin 𝜑𝑑𝜎 + 𝜎 sin 𝜑 𝑑𝜏 + 𝜎𝜏 cos 𝜑𝑑𝜑 

𝑑𝑧 = 𝜏𝑑𝜏 − 𝜎𝑑𝜎 

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 = 𝜏2𝑑𝜎2 + 𝜎2𝑑𝜏2 + 𝜎2𝜏2𝑑𝜑2 + 𝜏2𝑑𝜏2 + 𝜎2𝑑𝜎2

= (𝜎2 + 𝜏2) 𝑑𝜎2 + (𝜎2 + 𝜏2) 𝑑𝜏2 + 𝜎2𝜏2𝑑𝜑2 

𝑔𝜎𝜎 = 𝜎2 + 𝜏2 

𝑔𝜏𝜏 = 𝜎2 + 𝜏2 

𝑔𝜑𝜑 = 𝜎2𝜏2 

ℎ𝜎 = ℎ𝜏 = √𝜎2 + 𝜏2 

ℎ𝜑 = 𝜎𝜏 

Suppose: 
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The free particle non-relativistic Schrödinger equation is: 

∇2𝜓 = −
2𝑚𝐸

ℏ2
𝜓 

https://en.wikipedia.org/wiki/Parabolic_coordinates
https://en.wikipedia.org/wiki/Orthogonal_coordinates


Now vision the following partial variable separation: 

𝜓(𝜎, 𝜏, 𝜑) = 𝑆(𝜎, 𝜏)Φ(𝜑) 
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The phi equation is very easy to solve: 

Φ(𝜑) = 𝐴𝑒𝑖𝜆𝜑 𝑜𝑟 Φ(𝜑) = 𝐵 cos(𝜆𝜑) + 𝐶 sin(𝜆𝜑) 

We now verify the first form of the phi equation: 

Φ′(𝜑) = 𝑖𝜆𝐴𝑒𝑖𝜆𝜑  

Φ′′(𝜑) = 𝑖2𝜆2𝐴𝑒𝑖𝜆𝜑 = −𝜆2𝐴𝑒𝑖𝜆𝜑 = −𝜆2Φ(𝜑) 

The next step is to numerically solve the coupled two-dimensional equation using finite 
differences. 

 

 



  x =   𝜎 𝜏  cos ⁡  𝜑


  y = 𝜎 𝜏  sin ⁡  𝜑


  z =  1 2  (   𝜏 2 −   𝜎 2 )


  d x = 𝜏  cos ⁡  𝜑 d 𝜎 + 𝜎  cos ⁡  𝜑 d 𝜏 − 𝜎 𝜏  sin ⁡  𝜑 d 𝜑


  d x = 𝜏  cos ⁡  𝜑 d 𝜎 + 𝜎  cos ⁡  𝜑 d 𝜏 − 𝜎 𝜏  sin ⁡  𝜑 d 𝜑


  d y = 𝜏  sin ⁡  𝜑 d 𝜎 + 𝜎  sin ⁡  𝜑 d 𝜏 + 𝜎 𝜏  cos ⁡  𝜑 d 𝜑


  d y = 𝜏  sin ⁡  𝜑 d 𝜎 + 𝜎  sin ⁡  𝜑 d 𝜏 + 𝜎 𝜏  cos ⁡  𝜑 d 𝜑


  d z = 𝜏 d 𝜏 − 𝜎 d 𝜎


  d z = 𝜏 d 𝜏 − 𝜎 d 𝜎


    d s 2 =   d x 2 +   d y 2 +   d z 2 =   𝜏 2 d   𝜎 2 +   𝜎 2 d   𝜏 2 +   𝜎 2   𝜏 2   d 𝜑 2 +   𝜏 2   d 𝜏 2 +   𝜎 2   d 𝜎 2 =  (   𝜎 2 +   𝜏 2 )   d   𝜎 2 +  (   𝜎 2 +   𝜏 2 )   d   𝜏 2 +   𝜎 2   𝜏 2   d 𝜑 2


    d s 2 =   d x 2 +   d y 2 +   d z 2 =   𝜏 2 d   𝜎 2 +   𝜎 2 d   𝜏 2 +   𝜎 2   𝜏 2   d 𝜑 2 +   𝜏 2   d 𝜏 2 +   𝜎 2   d 𝜎 2 =  (   𝜎 2 +   𝜏 2 )   d   𝜎 2 +  (   𝜎 2 +   𝜏 2 )   d   𝜏 2 +   𝜎 2   𝜏 2   d 𝜑 2


    g  𝜎 𝜎 =   𝜎 2 +   𝜏 2


    g  𝜎 𝜎 =   𝜎 2 +   𝜏 2


    g  𝜏 𝜏 =   𝜎 2 +   𝜏 2


    g  𝜏 𝜏 =   𝜎 2 +   𝜏 2


    g  𝜑 𝜑 =   𝜎 2   𝜏 2


    g  𝜑 𝜑 =   𝜎 2   𝜏 2


   h  𝜎 =  h  𝜏 =    𝜎 2 +   𝜏 2


   h  𝜎 =  h  𝜏 =    𝜎 2 +   𝜏 2


   h  𝜑 = 𝜎 𝜏


   h  𝜑 = 𝜎 𝜏


   ∇ 2 =  1   h  𝜎  h  𝜏  h  𝜑  [   𝜕  𝜕 𝜎  (    h  𝜏  h  𝜑   h  𝜎   𝜕  𝜕 𝜎 ) +   𝜕  𝜕 𝜏  (    h  𝜎  h  𝜑   h  𝜏   𝜕  𝜕 𝜏 ) +   𝜕  𝜕 𝜑  (    h  𝜎  h  𝜏   h  𝜑   𝜕  𝜕 𝜑 ) ] =  1   (   𝜎 2 +   𝜏 2 ) 𝜎 𝜏  [   𝜕  𝜕 𝜎  ( 𝜎 𝜏   𝜕  𝜕 𝜎 ) +   𝜕  𝜕 𝜏  ( 𝜎 𝜏   𝜕  𝜕 𝜏 ) +   𝜕  𝜕 𝜑  (     𝜎 2 +   𝜏 2  𝜎 𝜏 )   𝜕  𝜕 𝜑 ] =  1   (   𝜎 2 +   𝜏 2 ) 𝜎  ( 𝜎     𝜕 2    𝜕 𝜎 2 +   𝜕  𝜕 𝜎 ) +  1   (   𝜎 2 +   𝜏 2 ) 𝜏  ( 𝜏     𝜕 2    𝜕 𝜏 2 +   𝜕  𝜕 𝜏 ) +  1    𝜎 2   𝜏 2     𝜕 2    𝜕 𝜑 2


   ∇ 2 𝜓 = −   2 m E   ℏ 2 𝜓


  𝜓  ( 𝜎 , 𝜏 , 𝜑 ) = S  ( 𝜎 , 𝜏 ) Φ  ( 𝜑 )


      𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜎 S  ( 𝜎     𝜕 2 S    𝜕 𝜎 2 +   𝜕 S  𝜕 𝜎 ) +     𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜏 S  ( 𝜏     𝜕 2 S    𝜕 𝜏 2 +   𝜕 S  𝜕 𝜏 ) +  1 Φ     𝜕 2 Φ    𝜕 𝜑 2 +   2 m E   𝜎 2   𝜏 2   ℏ 2 = 0


      𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜎 S  ( 𝜎     𝜕 2 S    𝜕 𝜎 2 +   𝜕 S  𝜕 𝜎 ) +     𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜏 S  ( 𝜏     𝜕 2 S    𝜕 𝜏 2 +   𝜕 S  𝜕 𝜏 ) +  1 Φ     𝜕 2 Φ    𝜕 𝜑 2 +   2 m E   𝜎 2   𝜏 2   ℏ 2 = 0


      𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜎  ( 𝜎     𝜕 2 S    𝜕 𝜎 2 +   𝜕 S  𝜕 𝜎 ) +     𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜏  ( 𝜏     𝜕 2 S    𝜕 𝜏 2 +   𝜕 S  𝜕 𝜏 ) +   2 m E   𝜎 2   𝜏 2   ℏ 2 +   𝜆 2 S = 0


      𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜎  ( 𝜎     𝜕 2 S    𝜕 𝜎 2 +   𝜕 S  𝜕 𝜎 ) +     𝜎 2   𝜏 2   (   𝜎 2 +   𝜏 2 ) 𝜏  ( 𝜏     𝜕 2 S    𝜕 𝜏 2 +   𝜕 S  𝜕 𝜏 ) +   2 m E   𝜎 2   𝜏 2   ℏ 2 +   𝜆 2 S = 0


      𝜕 2 Φ    𝜕 𝜑 2 +   𝜆 2 Φ = 0


      𝜕 2 Φ    𝜕 𝜑 2 +   𝜆 2 Φ = 0


  Φ  ( 𝜑 ) = A   e  i 𝜆 𝜑   o r   Φ  ( 𝜑 ) = B  cos ⁡   ( 𝜆 𝜑 ) + C  sin ⁡   ( 𝜆 𝜑 )


   Φ ′  ( 𝜑 ) = i 𝜆 A   e  i 𝜆 𝜑


   Φ  ′ ′  ( 𝜑 ) =   i 2   𝜆 2 A   e  i 𝜆 𝜑 = −   𝜆 2 A   e  i 𝜆 𝜑 = −   𝜆 2 Φ  ( 𝜑 )


   Φ  ′ ′  ( 𝜑 ) =   i 2   𝜆 2 A   e  i 𝜆 𝜑 = −   𝜆 2 A   e  i 𝜆 𝜑 = −   𝜆 2 Φ  ( 𝜑 )

