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Laplace (Potential) Equation in Three Different Ecosystems by James Pate Williams, Jr., BA, 
BS, MSwE, PhD 

Reference: Boundary Value Problems Second Edition © 1979 by David L. Powers 

First, we compute the exact and approximate potential in a rectangle using Fourier Series 
and finite elements. In this case the Laplace Equation is: 

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
= 0, ∀𝑥 ∈ (0, 𝑎), ∀𝑦 ∈ (0, 𝑏) 

𝑢(𝑥, 0) = 𝑓1(𝑥), 𝑥 ∈ (0, 𝑎) 

𝑢(𝑥, 𝑏) = 𝑓2(𝑥), 𝑥 ∈ (0, 𝑎) 

𝑢(0, 𝑦) = 0, ∀𝑦 ∈ (0, 𝑏) 

𝑢(𝑎, 𝑦) = 0, ∀𝑦 ∈ (0, 𝑏) 

The finite elements required are 

𝜕2𝑢

𝜕𝑥2
~

𝑢(𝑥 + ∆𝑥, 𝑦) − 2𝑢(𝑥, 𝑦) + 𝑢(𝑥 − ∆𝑥, 𝑦)

(∆𝑥)2
 

𝜕2𝑢

𝜕𝑦2
~

𝑢(𝑥, 𝑦 +  ∆𝑦) − 2𝑢(𝑥, 𝑦) + 𝑢(𝑥, 𝑦 − ∆𝑦)

(∆𝑦)2
 

Suppose that delta x and delta y are equal then the approximate Laplace Equation is: 

𝑢(𝑥, 𝑦) = 0.25[𝑢(𝑥 + ∆𝑥, 𝑦) + 𝑢(𝑥 − ∆𝑥, 𝑦) + 𝑢(𝑥, 𝑦 +  ∆𝑦) + 𝑢(𝑥, 𝑦 −  ∆𝑦)] 

Furthermore, suppose the boundary values are: 

𝑢(0, 𝑦) = 0, ∀𝑦 ∈ (0,1) 

𝑢(1, 𝑦) = 0, ∀𝑦 ∈ (0,1) 

𝑢(𝑥, 0) = 𝑓(𝑥), ∀𝑥 ∈ (0,1) 

𝑢(𝑥, 1) = 𝑓(𝑥), ∀𝑥 ∈ (0,1) 

𝑓(𝑥) = {
2𝑥, ∀𝑥 ∈ (0,

1

2
)

2 − 2𝑥, ∀𝑥 ∈ [
1

2
, 1)

} 

The exact solution is found to be: 
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𝑢(𝑥, 𝑦) =
8

𝜋2
∑

sin (
𝑛𝜋
2 )

𝑛2

∞

𝑛=1

{sinh [(
𝑛𝜋
𝑎 ) 𝑦] + sinh [(

𝑛𝜋
𝑎 ) (𝑏 − 𝑦)]}

sinh [(
𝑛𝜋
𝑎 ) 𝑏]

sin (
𝑛𝜋𝑥

𝑎
) 

Now suppose a = b = 1. 
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In my application I use tooltips for the four edit controls on the left-hand side of the 
interface. Nt is the number of terms used in the exact solution. Ni is the number of fixed-
point iterations in the approximate solution. 

The Laplace Equation for a slot is:  

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
= 0, ∀𝑥 ∈ (0, 𝑎), ∀𝑦 ∈ (0, ∞) 

𝑢(𝑥, 0) = 𝑓(𝑥), 𝑥 ∈ (0, 𝑎) 
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𝑢(0, 𝑦) = 𝑔1(𝑦), ∀𝑦 ∈ (0, ∞) 

𝑢(𝑎, 𝑦) = 𝑔1(𝑦), ∀𝑦 ∈ (0, ∞) 

We insist on the solution to be bounded as y approaches infinity. We only solve one-half of 
solution which is given by the equations: 

∇2𝑢1 = 0 

𝑢1(𝑥, 0) = 𝑓(𝑥), ∀𝑥 ∈ (0,1) 

𝑢1(0, 𝑦) = 0, ∀𝑦 ∈ (0, ∞) 

𝑢1(1, 𝑦) = 0, ∀𝑦 ∈ (0, ∞) 

𝑢1(𝑥, 𝑦) = ∑ 𝑎𝑛 sin(𝑛𝜋𝑥)exp(−𝑛𝜋𝑦)

∞

𝑛=1
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Where we use the Fourier Sine Series. Finally, we compute the potential in a disk: 

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑣

𝜕𝑟
) +

1

𝑟2

𝜕2𝑣

𝜕𝜃2
= 0, ∀𝑟 ∈ (0, 𝑐), 𝜃 ∈ (−𝜋, 𝜋) 

𝑣(𝑐, 𝜃) = 𝑓(𝜃), ∀𝜃 ∈ (−𝜋, 𝜋) 

We use: 

𝑓(𝜃) = 𝜃2, ∀𝜃 ∈ (−𝜋, 𝜋), 𝑐 = 1 
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𝑣(𝑟, 𝜃) = 𝑎0 + ∑ 𝑎𝑛𝑟𝑛 cos(𝑛𝜃) + ∑ 𝑏𝑛𝑟𝑛 sin(𝑛𝜃)

∞

𝑛=1

∞

𝑛=1

 

We use the standard Fourier Series coefficients. 
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      𝜕 2 u  𝜕   x 2 +     𝜕 2 u  𝜕   y 2 = 0 , ∀ x ∈  ( 0 , a ) , ∀ y ∈  ( 0 , b )


  u  ( x , 0 ) =   f 1  ( x ) , x ∈  ( 0 , a )


  u  ( x , 0 ) =   f 1  ( x ) , x ∈  ( 0 , a )


  u  ( x , b ) =   f 2  ( x ) , x ∈  ( 0 , a )


  u  ( x , b ) =   f 2  ( x ) , x ∈  ( 0 , a )


  u  ( 0 , y ) = 0 , ∀ y ∈  ( 0 , b )


  u  ( 0 , y ) = 0 , ∀ y ∈  ( 0 , b )


  u  ( a , y ) = 0 , ∀ y ∈  ( 0 , b )


  u  ( a , y ) = 0 , ∀ y ∈  ( 0 , b )


      𝜕 2 u  𝜕   x 2 ~   u  ( x + ∆ x , y ) − 2 u  ( x , y ) + u ( x − ∆ x , y )     ( ∆ x ) 2


      𝜕 2 u  𝜕   y 2 ~   u  ( x , y +   ∆ y ) − 2 u  ( x , y ) + u ( x , y − ∆ y )     ( ∆ y ) 2


      𝜕 2 u  𝜕   y 2 ~   u  ( x , y +   ∆ y ) − 2 u  ( x , y ) + u ( x , y − ∆ y )     ( ∆ y ) 2


  u  ( x , y ) = 0 . 25  [ u  ( x + ∆ x , y ) + u  ( x − ∆ x , y ) + u  ( x , y +   ∆ y ) + u  ( x , y −   ∆ y ) ]


  u  ( 0 , y ) = 0 , ∀ y ∈  ( 0 , 1 )


  u  ( 1 , y ) = 0 , ∀ y ∈  ( 0 , 1 )


  u  ( 1 , y ) = 0 , ∀ y ∈  ( 0 , 1 )


  u  ( x , 0 ) = f  ( x ) , ∀ x ∈  ( 0 , 1 )


  u  ( x , 0 ) = f  ( x ) , ∀ x ∈  ( 0 , 1 )


  u  ( x , 1 ) = f  ( x ) , ∀ x ∈  ( 0 , 1 )


  u  ( x , 1 ) = f  ( x ) , ∀ x ∈  ( 0 , 1 )


  f  ( x ) =  {    2 x , ∀ x ∈  ( 0 ,  1 2 )   2 − 2 x , ∀ x ∈ [  1 2 , 1 ) }


  f  ( x ) =  {    2 x , ∀ x ∈  ( 0 ,  1 2 )   2 − 2 x , ∀ x ∈ [  1 2 , 1 ) }


  u  ( x , y ) =  8    𝜋 2   ∑  n = 1 ∞     sin ⁡   (   n 𝜋 2 )    n 2    {  sinh ⁡   [  (   n 𝜋  a ) y ] +  sinh ⁡   [  (   n 𝜋  a )  ( b − y ) ] }  sinh ⁡  [  (   n 𝜋  a ) b ]  sin ⁡   (   n 𝜋 x  a )


      𝜕 2 u  𝜕   x 2 +     𝜕 2 u  𝜕   y 2 = 0 , ∀ x ∈  ( 0 , a ) , ∀ y ∈  ( 0 , ∞ )


  u  ( x , 0 ) = f  ( x ) , x ∈  ( 0 , a )


  


  u  ( a , y ) =   g 1 ( y ) , ∀ y ∈  ( 0 , ∞ )


  u  ( a , y ) =   g 1 ( y ) , ∀ y ∈  ( 0 , ∞ )


   ∇ 2   u 1 = 0


    u 1  ( x , 0 ) = f  ( x ) , ∀ x ∈  ( 0 , 1 )


    u 1  ( x , 0 ) = f  ( x ) , ∀ x ∈  ( 0 , 1 )


    u 1  ( 0 , y ) = 0 , ∀ y ∈  ( 0 , ∞ )


    u 1  ( 0 , y ) = 0 , ∀ y ∈  ( 0 , ∞ )


    u 1  ( 1 , y ) = 0 , ∀ y ∈  ( 0 , ∞ )


    u 1  ( 1 , y ) = 0 , ∀ y ∈  ( 0 , ∞ )


    u 1  ( x , y ) =   ∑  n = 1 ∞    a  n  sin ⁡   ( n 𝜋 x ) exp ⁡ ( − n 𝜋 y )


    u 1  ( x , y ) =   ∑  n = 1 ∞    a  n  sin ⁡   ( n 𝜋 x ) exp ⁡ ( − n 𝜋 y )


   1  r   𝜕  𝜕 r  ( r   𝜕 v  𝜕 r ) +  1    r 2     𝜕 2 v  𝜕   𝜃 2 = 0 , ∀ r ∈  ( 0 , c ) , 𝜃 ∈ ( − 𝜋 , 𝜋 )


  v  ( c , 𝜃 ) = f  ( 𝜃 ) , ∀ 𝜃 ∈ ( − 𝜋 , 𝜋 )


  v  ( c , 𝜃 ) = f  ( 𝜃 ) , ∀ 𝜃 ∈ ( − 𝜋 , 𝜋 )


  f  ( 𝜃 ) =   𝜃 2 , ∀ 𝜃 ∈  ( − 𝜋 , 𝜋 ) , c = 1


  v  ( r , 𝜃 ) =   a 0 +   ∑  n = 1 ∞    a  n   r  n  cos ⁡   ( n 𝜃 ) +   ∑  n = 1 ∞    b  n   r  n  sin ⁡   ( n 𝜃 )

