Three-Dimensional Heat Conduction Equation in Cartesian Coordinates (Rectangular
Prism Which Includes a Cube)

Reference 1: For the one-dimensional heat conduction equation see - Heat Conduction
Equation -- from Wolfram MathWorld

Reference 2: https://www.wolframalpha.com/calculators/mathematics-calculus-integrals-
definite-integral-calculator
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Suppose the following:
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C:\Users\James\OneDrive\HeatConductionCube\x64\Debug\HeatConduct
ionCube.exe (process 17172) exited with code 0 (0x0).
Press any key to close this window .




    𝜕 U ( x ,   y ,   z ,   t )  𝜕 t = 𝜅  ∇ 2 U  ( x , y , z , t )


   1  𝜅   𝜕 U ( x ,   y ,   z ,   t )  𝜕 t =  ∇ 2 U  ( x , y , z , t )


   1  𝜅   𝜕 U ( x ,   y ,   z ,   t )  𝜕 t =  ∇ 2 U  ( x , y , z , t )


  U  ( x , y , z , 0 ) =   U 0


  U  ( x , y , z , 0 ) =   U 0


  U  ( x , y ,   z ,   t ) = X  ( x ) Y  ( y ) Z  ( z ) T  ( t )


  U  ( x , y ,   z ,   t ) = X  ( x ) Y  ( y ) Z  ( z ) T  ( t )


   1  𝜅   d T  d t =   X  ′ ′ Y Z T + X   Y  ′ ′ Z T + X Y Z ′ ′ T


   1  𝜅   d T  d t =   X  ′ ′ Y Z T + X   Y  ′ ′ Z T + X Y Z ′ ′ T


   1  𝜅 T   d T  d t =   X ′ ′  X +   Y ′ ′  Y +   Z ′ ′  Z = −  1    𝛼 2 −  1    𝛽 2 −  1    𝛾 2


   1  𝜅 T   d T  d t =   X ′ ′  X +   Y ′ ′  Y +   Z ′ ′  Z = −  1    𝛼 2 −  1    𝛽 2 −  1    𝛾 2


   1  𝜅 T   d T  d t = −  1    𝛼 2 −  1    𝛽 2 −  1    𝛾 2


   1  𝜅 T   d T  d t = −  1    𝛼 2 −  1    𝛽 2 −  1    𝛾 2


    d T  T = −   𝜅 d t    𝛼 2


    d T  T = −   𝜅 d t    𝛼 2


   log ⁡  T = −   𝜅 t    𝛼 2


    X  ′ ′ ( x ) +  1    𝛼 2 X  ( x ) = 0


  X  ( x ) = B  cos ⁡   (   x  𝛼 ) + C  sin ⁡   (   x  𝛼 )


  X  ( x ) = B  cos ⁡   (   x  𝛼 ) + C  sin ⁡   (   x  𝛼 )


  X  ( 0 ) = B = 0 → B = 0


  X  ( 0 ) = B = 0 → B = 0


  X  ( x ) =   A  𝛼 C  sin ⁡   (   x  𝛼 )


  X  ( x ) =   A  𝛼 C  sin ⁡   (   x  𝛼 )


  T  ( t ) =   A  𝛽   e  − 𝜅 t /   𝛽 2


  T  ( t ) =   A  𝛽   e  − 𝜅 t /   𝛽 2


  Y  ( y ) = D  cos ⁡   (   y  𝛽 ) + E  sin ⁡   (   y  𝛽 )


  Y  ( y ) = D  cos ⁡   (   y  𝛽 ) + E  sin ⁡   (   y  𝛽 )


  Y  ( 0 ) = D = 0 → D = 0


  Y  ( y ) =   A  𝛽 E  sin ⁡   (   y  𝛽 )


  Y  ( y ) =   A  𝛽 E  sin ⁡   (   y  𝛽 )


  Z  ( z ) = F  cos ⁡   (   z  𝛾 ) + G  sin ⁡   (   z  𝛾 )


  Z  ( z ) = F  cos ⁡   (   z  𝛾 ) + G  sin ⁡   (   z  𝛾 )


  Z  ( 0 ) = F = 0 → F = 0


  Z  ( 0 ) = F = 0 → F = 0


  T  ( t ) =   A  𝛾   e  − 𝜅 t /   𝛾 2


  T  ( t ) =   A  𝛾   e  − 𝜅 t /   𝛾 2


  Z  ( z ) =   A  𝛾 G  sin ⁡   (   z  𝛾 )


  Z  ( z ) =   A  𝛾 G  sin ⁡   (   z  𝛾 )


    A  𝛼 =   A  𝛽 =   A  𝛾 = 1


  X  ( a ) = C  sin ⁡   (   a  𝛼 ) = 0 →   a  𝛼 = n 𝜋 → 𝛼 =   a  n 𝜋


  X  ( a ) = C  sin ⁡   (   a  𝛼 ) = 0 →   a  𝛼 = n 𝜋 → 𝛼 =   a  n 𝜋


  Y  ( b ) = E  sin ⁡   (   b  𝛽 ) = 0 →   b  𝛽 = n 𝜋 → 𝛽 =   b  n 𝜋


  Y  ( b ) = E  sin ⁡   (   b  𝛽 ) = 0 →   b  𝛽 = n 𝜋 → 𝛽 =   b  n 𝜋


  Z  ( c ) = G  sin ⁡   (   c  𝛾 ) = 0 →   c  𝛾 = n 𝜋 → 𝛾 =   c  n 𝜋


  Z  ( c ) = G  sin ⁡   (   c  𝛾 ) = 0 →   c  𝛾 = n 𝜋 → 𝛾 =   c  n 𝜋


  U  ( x , y , z , t ) =   ∑  l = 1 ∞    ∑  m = 1 ∞    ∑  n = 1 ∞    C  l   E  m   G  n  sin ⁡   (   l 𝜋 x  a )  sin ⁡   (   m 𝜋 y  b )  sin ⁡   (   n 𝜋 z  c )   e  − 𝜅    ( l 𝜋 / a ) 2 t   e  − 𝜅    ( m 𝜋 / b ) 2 t   e  − 𝜅    ( n 𝜋 / c ) 2 t


  U  ( x , y , z , t ) =   ∑  l = 1 ∞    ∑  m = 1 ∞    ∑  n = 1 ∞    C  l   E  m   G  n  sin ⁡   (   l 𝜋 x  a )  sin ⁡   (   m 𝜋 y  b )  sin ⁡   (   n 𝜋 z  c )   e  − 𝜅    ( l 𝜋 / a ) 2 t   e  − 𝜅    ( m 𝜋 / b ) 2 t   e  − 𝜅    ( n 𝜋 / c ) 2 t


  U  ( x , y , z , 0 ) =   ∑  l = 1 ∞    ∑  m = 1 ∞    ∑  n = 1 ∞    C  l   E  m   G  n  sin ⁡   (   l 𝜋 x  a )  sin ⁡   (   m 𝜋 y  b )  sin ⁡   (   n 𝜋 z  c )


  U  ( x , y , z , 0 ) =   ∑  l = 1 ∞    ∑  m = 1 ∞    ∑  n = 1 ∞    C  l   E  m   G  n  sin ⁡   (   l 𝜋 x  a )  sin ⁡   (   m 𝜋 y  b )  sin ⁡   (   n 𝜋 z  c )


  U  ( 0 , 0 , 0 , 0 ) = 0


  U  ( 0 , 0 , 0 , 0 ) = 0


  U  ( a , b , c , 0 ) = 0


  U  ( a , b , c , 0 ) = 0


    ∫ 0  a    ∫ 0  b    ∫ 0  c   sin ⁡   (   p 𝜋 x  a )  sin ⁡   (   q 𝜋 y  b )  sin ⁡   (   r 𝜋 z  c ) U  ( x , y , z , 0 ) d x d y d z =   ∑  l = 1 ∞    ∑  m = 1 ∞    ∑  n = 1 ∞    ∫ 0  a    ∫ 0  b    ∫ 0  c    C  l   E  m   G  n    sin ⁡   (   p 𝜋 x  a ) sin ⁡   (   l 𝜋 x  a )  sin ⁡   (   q 𝜋 y  b )  sin ⁡   (   m 𝜋 y  b )    sin ⁡   (   r 𝜋 z  c ) sin ⁡   (   n 𝜋 z  c ) d x d y d z =  [   ∑  l = 1 ∞    l 2   𝛿  p l   C  l ]  [   ∑  m = 1 ∞    m 2   𝛿  q m   E  m ]  [   ∑  n = 1 ∞    n 2   𝛿  r n   G  n ] =   l 2   C  p   m 2   E  q   n 2   G  r


    ∫ 0  a    ∫ 0  b    ∫ 0  c   sin ⁡   (   p 𝜋 x  a )  sin ⁡   (   q 𝜋 y  b )  sin ⁡   (   r 𝜋 z  c ) U  ( x , y , z , 0 ) d x d y d z =   ∑  l = 1 ∞    ∑  m = 1 ∞    ∑  n = 1 ∞    ∫ 0  a    ∫ 0  b    ∫ 0  c    C  l   E  m   G  n    sin ⁡   (   p 𝜋 x  a ) sin ⁡   (   l 𝜋 x  a )  sin ⁡   (   q 𝜋 y  b )  sin ⁡   (   m 𝜋 y  b )    sin ⁡   (   r 𝜋 z  c ) sin ⁡   (   n 𝜋 z  c ) d x d y d z =  [   ∑  l = 1 ∞    l 2   𝛿  p l   C  l ]  [   ∑  m = 1 ∞    m 2   𝛿  q m   E  m ]  [   ∑  n = 1 ∞    n 2   𝛿  r n   G  n ] =   l 2   C  p   m 2   E  q   n 2   G  r


    C  p =  2  a   ∫ 0  a   sin ⁡   (   p 𝜋 x  a ) U  ( x , y , z , 0 ) d x


    E  q =  2  b   ∫ 0  b   sin ⁡   (   q 𝜋 y  b ) U  ( x , y , z , 0 ) d y


    E  q =  2  b   ∫ 0  b   sin ⁡   (   q 𝜋 y  b ) U  ( x , y , z , 0 ) d y


    G  r =  2  c   ∫ 0  c   sin ⁡   (   r 𝜋 z  c ) U  ( x , y , z , 0 ) d z


    G  r =  2  c   ∫ 0  c   sin ⁡   (   r 𝜋 z  c ) U  ( x , y , z , 0 ) d z


    C  p =  2  a   ∫ 0  a      x 2 sin ⁡   (   p 𝜋 x  a ) d x


    E  q =  2  b   ∫ 0  b      y 2 sin ⁡   (   q 𝜋 y  b ) d y


    E  q =  2  b   ∫ 0  b      y 2 sin ⁡   (   q 𝜋 y  b ) d y


    G  r =  2  c   ∫ 0  c    z 2  sin ⁡   (   r 𝜋 z  c ) d z


    G  r =  2  c   ∫ 0  c    z 2  sin ⁡   (   r 𝜋 z  c ) d z


   2  a   ∫ 0  a      x 2 sin ⁡   (   p 𝜋 x  a ) d x =   2   a 2 (  ( 2 −   𝜋 2   p 2 )  cos ⁡   ( 𝜋 p ) + 2 𝜋 p  sin ⁡   ( 𝜋 p ) − 2 )    𝜋 3   p 3


    C  p =  2  a   ∫ 0  a      x 2 sin ⁡   (   p 𝜋 x  a ) d x =   2   a 2 (  ( 2 −   𝜋 2   p 2 )  cos ⁡   ( 𝜋 p ) + 2 𝜋 p  sin ⁡   ( 𝜋 p ) − 2 )    𝜋 3   p 3


    E  q =  2  b   ∫ 0  b      y 2 sin ⁡   (   q 𝜋 y  b ) d y =   2   b 2 (  ( 2 −   𝜋 2   q 2 )  cos ⁡   ( 𝜋 q ) + 2 𝜋 q  sin ⁡   ( 𝜋 q ) − 2 )    𝜋 3   q 3


    E  q =  2  b   ∫ 0  b      y 2 sin ⁡   (   q 𝜋 y  b ) d y =   2   b 2 (  ( 2 −   𝜋 2   q 2 )  cos ⁡   ( 𝜋 q ) + 2 𝜋 q  sin ⁡   ( 𝜋 q ) − 2 )    𝜋 3   q 3


    G  r =  2  c   ∫ 0  c    z 2  sin ⁡   (   r 𝜋 z  c ) d z =   2   c 2 (  ( 2 −   𝜋 2   r 2 )  cos ⁡   ( 𝜋 r ) + 2 𝜋 r  sin ⁡   ( 𝜋 r ) − 2 )    𝜋 3   r 3


    G  r =  2  c   ∫ 0  c    z 2  sin ⁡   (   r 𝜋 z  c ) d z =   2   c 2 (  ( 2 −   𝜋 2   r 2 )  cos ⁡   ( 𝜋 r ) + 2 𝜋 r  sin ⁡   ( 𝜋 r ) − 2 )    𝜋 3   r 3


   2  a   ∫ 0  a    x sin ⁡   (   p 𝜋 x  a ) d x =   2 a (  sin ⁡   ( 𝜋 p ) − 𝜋 p  cos ⁡   ( 𝜋 p ) )    𝜋 2   p 2


   2  a   ∫ 0  a    x sin ⁡   (   p 𝜋 x  a ) d x =   2 a (  sin ⁡   ( 𝜋 p ) − 𝜋 p  cos ⁡   ( 𝜋 p ) )    𝜋 2   p 2


    C  p =  2  a   ∫ 0  a    x sin ⁡   (   p 𝜋 x  a ) d x =   2 a (  sin ⁡   ( 𝜋 p ) − 𝜋 p  cos ⁡   ( 𝜋 p ) )    𝜋 2   p 2


    E  q =  2  b   ∫ 0  b    x sin ⁡   (   q 𝜋 y  b ) d x =   2 b (  sin ⁡   ( 𝜋 q ) − 𝜋 q  cos ⁡   ( 𝜋 q ) )    𝜋 2   q 2


    E  q =  2  b   ∫ 0  b    x sin ⁡   (   q 𝜋 y  b ) d x =   2 b (  sin ⁡   ( 𝜋 q ) − 𝜋 q  cos ⁡   ( 𝜋 q ) )    𝜋 2   q 2


    G  r =  2  c   ∫ 0  c    x sin ⁡   (   r 𝜋 x  c ) d x =   2 c (  sin ⁡   ( 𝜋 r ) − 𝜋 p  cos ⁡   ( 𝜋 r ) )    𝜋 2   r 2


    G  r =  2  c   ∫ 0  c    x sin ⁡   (   r 𝜋 x  c ) d x =   2 c (  sin ⁡   ( 𝜋 r ) − 𝜋 p  cos ⁡   ( 𝜋 r ) )    𝜋 2   r 2

